
Using the Global Constraint Seeker for Learning
Structured Constraint Models: a First Attempt

Nicolas Beldiceanu1 and Helmut Simonis2⋆

1 TASC team (INRIA/CNRS), Mines de Nantes, France
Nicolas.Beldiceanu@mines-nantes.fr

2 Cork Constraint Computation Centre
Department of Computer Science, University College Cork, Ireland

h.simonis@4c.ucc.ie

Abstract. Considering problems that have a strong internal structure, this pa-
per shows how to generate constraint models from a set of positive, flat samples
(i.e., solutions) without knowing a priori neither the constraint candidates, nor the
way variables are shared within constraints. We describe two key contributions to
building such a model generator: (1) First, learning is modeled as a bi-criteria op-
timization problem over ranked constraint candidates returned by the Constraint
Seeker, where we optimize both the compactness of the model,and the rank (or
appropriateness) of the selected constraints. (2) Second,filtering out irrelevant
candidate models is achieved by using meta data of the globalconstraint catalog
that describe links between constraints. Some initial experiments on a proof-of-
concept implementation show promising results.

1 Scope and Hypothesis

Global constraints were initially introduced [3] in order to more efficiently handle the
filtering associated with some recurring structured constraint networks [1]. An inher-
ent disadvantage of the approach is that the introduction ofglobal constraints does not
make using constraint programming any easier, since the growing number of global
constraints presents confusing choices to most users. Based on this recognized concern
about ease of use of constraint programming [19], this papershows how global con-
straints can be, in the context of structured problems, an essential component to auto-
matically learning models from example solutions. More precisely, this paper presents
the sketch of a generic approach, as well as a proof of concept, for automatically ex-
tracting constraint models from a set of positive, flat samples (i.e., solutions provided as
a flat list of integers), that relies both on global constraints and constraint programming.
This work is done under the following five assumptions:

1. We assume that the samples directly correspond to solutions that one typically
finds in standard magazines and/or a standard Operations Research problem com-
pendium for the corresponding problems, i.e., we do not require that samples are
solutions of special, reformulated models of the original problem.

⋆ The second author is supported by Science Foundation Ireland (Grant Numbers 05/IN/I886
and 10/IN.1/I3032).



2. Many problems are not defined completely just by a solution, they also involve
some kind of additional data or hints, which are required in order to interpret the
solution. This is the case both for a number of puzzles, wherehints are part of
the problem statement, as well as for a number of Operations Research problems,
where data (e.g., a cost matrix in optimization problems, ordurations and resource
use of activities in scheduling problems) are also part of the problem definition.
Within this paper, we restrict ourself to problems where, beside the positive sam-
ples, no extra hints are provided.

3. We assume that all positive samples arecorrect(i.e, there is no noise in the sample
data).

4. All samples have the same size, i.e. we do not have to generalize the model found
for arbitrary problem sizes.

5. We assume that we are looking at problems that have astrong internal structure,
i.e., they can be represented in a very compact way. This is infact the case for most
problems considered by Constraint Programming, but is equally true for problem
class repositories like Garey and Johnson [13].

We now discuss the relative importance of these five hypotheses:

1. In principle we could easily eliminate the first hypothesis by providing a limited
number of standard transformations encoding common reformulations, e.g., trans-
formation from0/1 variables to non0/1 variables [14]. We choose not to consider
such reformulations in our first prototype.

2. Integrating hints within the samples could be done by coming up with a general
way to describe hints. This would requires some research butseems feasible for
some classes of hints. In our current prototype we can already provide hints on the
way variables are grouped together. This is required for some problems where the
way variables are grouped in some constraints is not regularat all, and is therefore
explicitly provided as part of the original problem description. This is for instance
the case for some Jigsaw Sudoku where3 by3 blocks are replaced by ad hoc shapes.

3. It should be much harder to remove the third hypothesis about the correctness of
samples. If samples are almost correct, e.g., only a very limited number of integer
values are wrong, an idea worth investigating would be to usesoft global constraints
together with a very restricted violation cost [18]. It is unclear at this stage how
much this would increase the number of candidates models, this line of work is not
the focus of our current research.

4. We will investigate how to deal with samples of different sizes in future work.
5. As we will describe later in the paper, our approach for searching models very much

relies on this last hypothesis, that is on the assumption that the problem has a strong
internal structure, i.e., its constraint generator can be described in a compact way.

Our approach takes advantage of hypotheses 3. and 5., it usesthe fact that our sam-
ples are reliable and that we restrict ourself to structuredproblems. It also relies on the
following key ingredients:

– First, it tries to express models asa limited number of conjunctions of similar global
constraints. It uses the knowledge base describing various properties of global con-



straints provided by the global constraint catalog [2] in order to come up with con-
straints that are not only valid for the given samples, but also make sense for a hu-
man modeler. Consideringconjunction of similar global constraintsis a key point
of our approach since:
• It seems to be the right degree of abstraction for expressingthe space of learn-

ing hypothesis since it allowsdescribing very concisely models of structured
problems.

• It follows one of key inductive criteria, namely theminimum description length
principle that states that the best model wrt. a set of samples is the model that
minimizes the sum of the size of the model plus the size of the samples when
described by the model.

• Conjunction of similar global constraints seems also comprehensible when it
come to the point to provide an output thatmust be intelligible to the user,
which may eventually modify or extend it (e.g., add symmetrybreaking con-
straints or implied constraints).

– Second, itrelies on the global Constraint Seeker functionality[4] for retrieving
and ranking relevant candidate constraints that can match agiven combination of
parameters obtained from the positive samples.

– Third, it addresses the learning problem of a conjunction ofconstraints as abi-
criteria optimization constraint search problem, where a conjunction of constraints
can both be represented in avery compact way, and consists of constraints that are
highly rankedby the Constraint Seeker.

Section 2 provides an overview of the different components of our method. Sec-
tion 3 explains how we propose alternative ways of combiningvariables that will be
passed as constraint arguments. Section 4 describes the bi-criteria optimisation prob-
lem we solve in order find conjunctions of relevant constraints that have a very regular
structure. Section 5 shows how to select relevant conjunctions for our model from the
different conjunctions of constraint candidates found in Section 4. Section 6 will eval-
uate our method on some initial example problems, while Section 7 looks at related
work.

2 Overview of the Learning Algorithm

The learning algorithm is decomposed into the following successive steps:

1. GivenV = v1, v2, . . . , vs variables, wheres is the size of the samples, agroups
of variables generatorgenerates ordered sequences of variables ofV on which we
will search for constraints. The aim of this generator is to systematically propose
different ways of grouping variables together, which can beboth described con-
cisely and which matches the pattern found in typical constraint models. This first
step will be described in Section 3.

2. Theinstance generatortakes as input the samples as well as the ordered sequences
of variables generated by the groups of variables generator. From this input it gener-
ates the ground (fully instantiated) parameters that will be passed to the Constraint
Seeker [4] in order to retrieve the corresponding matching constraints. Since this
part is quite straightforward it will not be detailed later on.



3. For each sequence of variables thecandidate generatortakes the corresponding
ground parameters build by the instance generator and callsthe Constraint Seeker
to find relevant constraint candidates. The details of this operation are described
in [4].

4. Once the candidate generator has generated a set of candidate constraints for each
element of the ordered collection of sequences of variables, we call therelevance
optimizeron each such collection. Its purpose is to find out for each ordered collec-
tion of sequences of variables one or several conjunctions of constraints that consist
of both highly relevant and concisely described, structured sets of constraints. This
step is done by solving a bi-criteria constraint optimization problem and will be
described in Section 4.

5. Given a set of conjunctions of constraints found by the relevance optimizer, the
dominance checkerdiscards conjunctions that are dominated by other conjunctions.
The idea here is to prefer reporting stronger conjunctions of constraints rather than
weaker one, in the sense that we give preference to conjunctions that admit fewer
solutions. This last step will be described in Section 5.

3 Grouping Variables Together for Generating Constraint
Arguments

Given a sample of lengthn, a first question to address is how to group together the
variables that will be passed to the global constraints of the conjunction. Of course
groups of variables can be build in many different ways, but relying on our assump-
tion about structured problems, we focus our attention to a limited number1 of struc-
tured sequences of variables. Here,structured sequence of variablesmeans sequences
of variables for which the generator can be described in a very compact form.

Definition 1. (ordered sequences of variables) Given a sequence of variablesS, an
ordered collection of sequences of variablesof S consist of sequencess1, s2, . . . , sp
such that:

– each sequence consists of a sequence of distinct variables of S,
– no pair of sequences involve exactly the same set of variables,
– within a given sequence, variable indices are increasing.

Very often it turns out that an ordered collection of sequences of variables corre-
sponds to a partition of the variables ofS where all sequences in the partition involve
the same number of variables. As we will see later on, the order of the sequences of vari-
ables matters since it reflects the order of the positions in asample (since we assume
that samples are given w.r.t. some natural order of the original problem).

Givenn, the size of the sample, we now provide a list of common generators of
ordered sequences of variables, where for each generator wegive its parameters2 as
well as a short description:

1 In our context,limited numbermeans limited for a computer, that is less than a few thousands
candidates.

2 Parameters are assumed to be natural numbers.



– matrix partition generator (m1,m2, size1, size2) wheren = m1 · m2, size1 +
size2 > 2, and∀i ∈ [1, 2] : sizei ∈ [1,mi − 1] ∧ mi mod sizei = 0, is a gen-
erator which decomposes the sample into am1 columns bym2 rows matrix. Each
row (respectively column) of that matrix is partitioned into blocks of sizesize1 (re-
spectivelysize2). As an example, consider the samplev1, v2, . . . , v12 to which we
apply the matrix partition generatormatrix partition(6, 2, 3, 1). We obtain the or-
dered sequences of variables〈v1, v2, v3〉, 〈v4, v5, v6〉, 〈v7, v8, v9〉, 〈v10, v11, v12〉.
This kind of generator is useful in the context of problems which are naturally
expressed as matrix models, e.g.,Latin Squares, Orthogonal Latin Squares, Su-
doku, sport schedulingand timetabling. Similarly the 3-d matrix partition gen-
erator3 parametrized by(m1,m2,m3, size1, size2, size3) wheren =

∏3
i=1 mi,

∑3
i=1 sizei > 3, and∀i ∈ [1, 3] : sizei ∈ [1,mi − 1] ∧ mi mod sizei = 0,

decomposes the sample into am1 by m2 by m3 matrix where each dimension is
partitioned into blocks of sizesize1, size2 andsize3.

– diagonalwhich can be applied ifn = m2, and which extracts the two main diag-
onals of them by m matrix associated with the sample. This kind of generator is
useful both for magic squares and Sudoku X.

– modulo partition generator(d) whered ≤ ⌊√n⌋ is a generator which decom-
poses the sample intod sequences, corresponding respectively to the variables for
which the remainder of the indices divided byd are all equal to a same value.
As an example, consider the samplev1, v2, . . . , v12 to which we apply the mod-
ulo partition generatormodulo(3). We obtain the ordered sequences of variables
〈v1, v4, v7, v10〉, 〈v2, v5, v8, v11〉, 〈v3, v6, v9, v12〉. This kind of generator is useful
in the context where constraints relate variables that are located at a fixed distance
from each other, e.g., all interval series.

– block partition generator(size1, size2) where size1 > 0, size2 > 0, n

mod (size1 + size2) = 0, andsize1 + size2 ≤ 2 · ⌊√n⌋ is a generator which
successively creates sequences of sizessize1, size2, size1, size2, . . . , size1,
size2. As an example, consider the samplev1, v2, . . . , v12 to which we apply
the generatorblock partition(4, 2). We obtain the ordered sequences of variables
〈v1, v2, v3, v4〉, 〈v5, v6〉, 〈v7, v8, v9, v10〉, 〈v11, v12〉. This kind of generator is use-
ful in the context ofcyclic timetablingproblems where, for instance a first con-
straint applies for each working day (i.e., Monday to Friday), and a second con-
straint applies for the weekend (i.e.,size1 = 5 andsize2 = 2).

– sliding window generator(size, d) wheresize ∈ [1, n − 1], d ∈ [1, size − 1],
and (n − size) mod d = 0 is a generator which creates all sequences of con-
secutive variables of lengthsize such that the index minus one of the first vari-
able of each sequence is divisible byd. As an example, consider the sample
v1, v2, . . . , v12 to which we apply the generatorsliding window(6, 3). We obtain
the ordered sequences of variables〈v1, v2, v3, v4, v5, v6〉, 〈v4, v5, v6, v7, v8, v9〉,
〈v7, v8, v9, v10, v11, v12〉. These sliding windows are often encountered in
timetabling problems.

– triangular difference table generator is a generator which createsn − 1 se-
quences, where theith sequence corresponds to the differencesv1+i − v1, v2+i −

3 This generator will be added later on in the system.



v2, . . . , vn − vn−i. As an example, consider the samplev1, v2, . . . , v5 to which we
apply the triangular difference table generator. We obtainthe ordered sequences
〈v2 − v1, v3 − v2, v4 − v3, v5 − v4〉, 〈v3 − v1, v4 − v2, v5 − v3〉, 〈v4 − v1, v5 − v2〉,
and〈v5−v1〉. This kind of generator is useful in the context of problems like Costas
Array.

After applying the generators on our positive samples we getsets of potential candi-
date sequences of different ways variables may occur in the constraints. For each such
sequence we can try to find matching constraints. This is the topic of the next section.

4 Learning a Conjunction of Constraints as a Bi-criteria
Optimization Problem

Given an ordered collection of sequences of variablesS = vars1, vars2, . . . , varsp,
obtained by one of the generators described in Section 3, we use the Constraint Seeker
to associate a constraintctr i (1 ≤ i ≤ p) to each sequence of variablesvars i, so that the
conjunctionctr1(vars1)∧ctr 2(vars2)∧ . . .∧ctrp(varsp) holds for all given samples.
As potential constraint candidates we consider those constraints of the global constraint
catalog for which an evaluator is currently available, i.e.70% of the constraints. Trying
to learn global constraints rather than binary constraintsintroduces a bias, focusing
our attention on structured problems. Since this is our basic hypothesis, this allows us
to drastically reduce the number of potential constraint networks we have to consider.
However, since there may still exist a lot of solutions, thissection also shows how to
measure the relevance of a conjunction of constraints as a candidate for our model. The
relevance measures both thecompactness of the conjunction of constraintsfound, as
well as theimportance of the constraintsthemselves. We now describe how to encode
this problem as a bi-criteria constraint optimization problem.

– First, we associate to each sequence of variablesvars i (1 ≤ i ≤ p), a variableCi

whose valuesctr i,1, ctr i,2, . . . , ctr i,qi correspond to constraints (and their addi-
tional parameters) that match all positive samples. For each i ∈ [1, p] the possible
set of candidate constraints is obtained by a single call to the Constraint Seeker,
where we pass the projection of all positive samples on the corresponding variables
vars i. For each candidate constraintctr i,j (1 ≤ i ≤ p, 1 ≤ j ≤ qi) the seeker also
returns its rankrank i,j , where smaller rank indicates more relevant constraints [4].

– Second, we also associate to each sequence of variablesvars i (1 ≤ i ≤ p),
a variableRi giving the rank of the constraint assigned to variableCi. An ele-
ment(Ci, 〈rank i,1, rank i,2, . . . , rank i,qi〉, Ri) constraint links variablesCi andRi.
Theranking costRankCost associated with constraintsC1, C2, . . . , Cp is equal to
the sum of the corresponding ranking variables, that isR1 + R2 + . . .+ Rp. This
is the first criteria we try to minimize.

– Third, we also associate to the constraints variablesC1, C2, . . . , Cp a compactness
costSizeCost which is the minimum of the following two quantities:
• The number of changesin the sequenceC1, C2, . . . , Cp, i.e., the number of

timesCi 6= Ci+1 (1 ≤ i < p) holds.



• Thesmallest periodof the sequenceC1, C2, . . . , Cp, i.e., the smallest number
e such thatCi = Ci+e for all i in [1, p− e].

The goal ofSizeCost is to measure the regularity of the sequence of constraints
C1, C2, . . . , Cp. This is the second criteria we try to minimize.

Since the ranking and the compactness costs are incomparable, we solve the following
two optimizations problems:

– A first problem where we first minimize the compactness cost, and then the ranking
cost.

– A second problem where we first minimize the ranking cost, andthen the compact-
ness cost.

We only retain Pareto-optimal solutions to this bi-criteria optimization problem. As a
result, we get a set of conjunctions of constraints that can be further reduced by checking
for implications between them. The next section discusses this task.

5 Selecting Relevant Models among Pareto Optimal Candidates

Given a set of conjunctions of constraints that are all candidates to be part of the final
model, this section shows how to filter out irrelevant candidates. Even if we only keep
the Pareto-optimal solutions in Section 4, we can still find alarge number of candidates.
We want to remove weak explanations which are implied by stronger candidates to re-
duce the size of our model. Deciding implication between sets of constraints in general
is quite difficult, we therefore introduce the simpler notion of domination of a candidate
by an other candidate. Intuitively, a candidate conjunction C1 dominates a candidate
conjunctionC2 if conjunctionC1 implies conjunctionC2 due to structural properties of
the constraints. As an example,C1 =alldifferent(〈v1, v2, v3, v4〉) [2, page 410] implies
C2 =alldifferent(〈v1, v2〉) ∧ alldifferent(〈v3, v4〉), consequentlyC1 dominatesC2. We
will rely on some meta data in the catalog that describe relations between constraints
to implement these domination checks efficiently. But we first need to introduce some
definitions.

Definition 2. (contractible constraint w.r.t. one of its arguments) A constraintc is
contractiblew.r.t. one of its arguments that corresponds to a collectionof itemsArg
if, for each ground instance which satisfiesc, that instance is still satisfied when we
remove any item fromArg.

A typical example of a contractible constraint is thealldifferentconstraint. In addi-
tion, there is a slightly restricted definition of contractibility if we focus on the prefix or
the suffix of a collection of items4 corresponding to one argument of the constraint. For
instance, consider the constraintamongseq(low , up, seq, variables , values) [2, page
476] that enforces all sequences ofseq consecutive variables of the collectionvariables

4 Given a collection of itemsI = 〈I1, I2, . . . , In〉, a prefix of I is defined byI =
〈I1, I2, . . . , Im〉, (m ≤ n). Similarly, asuffix ofI is defined byI = 〈Im, Im+1, . . . , In〉,
(m ≥ 1).



to take at leastlow values invalues and at mostup values invalues . amongseqis not
contractible w.r.t.variables since removing a value in the middle ofvariables may
create a new sequence for which the constraint does not hold.However, if we remove
a prefix or a suffix fromvariables , then the correspondingamongseqconstraint still
holds, since no new sequences are created.

Definition 3. (p-contractible and s-contractible constraint w.r.t. one of its arguments)
A constraintc is p-contractible(respectivelys-contractible) w.r.t. one of its arguments
that corresponds to a collection of itemsArg if, for each ground instance which satisfies
c, that instance is still satisfied when we remove any prefix (respectively suffix) fromArg.

The amongseq and pattern [2, pages 476,1424] constraints are examples of
p-contractible as well as s-contractible constraints, while theint valueprecede
and the int valueprecedechain [2, pages 1062,1064] constraints are examples of
s-contractibleconstraints. Note that the notion of s-contractibility wasinitially intro-
duced by M. J. Maher in the context of open constraints [15], where it was simply
called contractibility. We now recall a dual notion, also introduced by M. J. Maher,
called extensibility.

Definition 4. (extensible constraint w.r.t. one of its arguments) A constraintc is ex-
tensiblew.r.t. one of its arguments that corresponds to a collectionof itemsArg if, for
each ground instance which satisfiesc, that instance is still satisfied when we add any
ground item toArg.

If we rather just restrict ourself on adding an item infront of Arg (respectivelyafter
Arg) we say that the constraint isp-extensible(respectivelys-extensible).

An example of an extensible constraint is for instanceatleast(n, vars , val ) [2, page
504], i.e., at leastn variables of variablesvars are assigned to valueval . Here the con-
straintatleast(1, 〈v1, v2〉, 6) is stronger than the constraintatleast(1, 〈v1, v2, v3, v4〉, 6).
An example ofs-extensibleconstraint is theelementconstraint (i.e., we can add items
at the end of its table). We are now in position to introduce the notion of domination
between two conjunctions of constraints.

Definition 5. (domination of a conjunction candidate by another conjunction candi-
date) A conjunction candidateC1 dominates a conjunction candidateC2 if for all con-
straintsctr2(vars2) in C2 there exists at least one constraintctr1(vars1) in C1 such
that at least one of the following conditions holds:

1. (vars2 = vars1) ∧ (ctr1 ⇒ ctr2),
2. (vars2 ⊆ vars1) ∧ (ctr1 ⇒ ctr2) ∧ contractible(ctr2),
3. (vars2 is a prefix of vars1) ∧ (ctr1 ⇒ ctr2) ∧ s-contractible(ctr2),
4. (vars2 is a suffix of vars1) ∧ (ctr1 ⇒ ctr2) ∧ p-contractible(ctr2),
5. (vars1 ⊆ vars2) ∧ (ctr1 ⇒ ctr2) ∧ expendible(ctr2),
6. (vars1 is a prefix of vars2) ∧ (ctr1 ⇒ ctr2) ∧ s-expendible(ctr2),
7. (vars1 is a suffix of vars2) ∧ (ctr1 ⇒ ctr2) ∧ p-expendible(ctr2).

As an illustration of Definition 5 consider the conjunctionC1



{

alldifferent consecutive values(〈v1, v2, v3, v4〉) ∧
alldifferent consecutive values(〈v5, v6, v7, v8〉),

wherealldifferent consecutive values enforces variables to take consecutive distinct
values [2, pages 420], and the conjunctionC2

{

alldifferent(〈v1, v2〉) ∧ alldifferent(〈v3, v4〉) ∧
alldifferent(〈v5, v6〉) ∧ alldifferent(〈v7, v8〉).

ConjunctionC1 dominates conjunctionC2 since every constraint ofC2 is implied
by at least one constraint ofC1. For instance,alldifferent(〈v1, v2〉) is implied by
alldifferent consecutive values(〈v1, v2, v3, v4〉) since:

1. First, alldifferent consecutive values(〈v1, v2, v3, v4〉) ⇒
alldifferent(〈v1, v2, v3, v4〉). This implication is explicitly stated in the cata-
log.

2. Second, since alldifferent(〈v1, v2, v3, v4〉) is contractible it implies
alldifferent(〈v1, v2〉). Again the fact thatalldifferent is contractible is ex-
plicitly given in the catalog.

In the evaluation below, we use some additional dominance rules, which we can not
detail here due to lack of space.

6 Evaluation

All experiments were done without providing and kind of hintto the system (e.g., with-
out hints on the way variables are grouped together inside constraints, which means
that all combinations of parameters for each generator are tried for generating candi-
date constraints). With the current generators, finding a model is typically done within
a few seconds (i.e., 15 sec.) on a nowadays laptop.5

6.1 Magic Squares

We start our evaluation with a small puzzle, the Magic Squareproblem. In a Magic
Square of sizen, we find all numbers from 1 ton2 in the cells of a quadratic matrix,
and the sum of each row, each column and both main diagonals isthe same and equal

to
∑

n
2

i=1
i

n
. One of the most famous Magic Squares of size 4 was used in the engrav-

ing Melencolia Iby Albrecht Dürer, it is shown in Figure 1. Each cell contains one of
the numbers from 1 to 16, with the index indicating the position in the input vector,
counted from 1. To use this example as input for our program, we flatten the struc-
ture and only keep the integer vector16, 3, 2, 13, 5, 10, 11, 8, 9, 6, 7, 12, 4, 15, 14, 1 in
the given order. Our program finds the constraints shown in Figure 2. We encounter
a number of constraints: thealldifferent consecutive values constraint

5 In the future the user may be allowed to explicitly provide such hints, but with the current set
of generators this is not required.



Fig. 1: Magic Square of Size 4x4

161 32 23 134
55 106 117 88
99 610 711 1212
413 1514 1415 116

states that the values are pairwise distinct (alldifferent ), but also range over a
consecutive range of numbers (here 1 to 16). Thesymmetric alldifferent en-
forces the usualalldifferent constraint together with the conditionxi = j ⇔
xj = i. The sum ctr constraint is the linear equality constraint

∑

xi = 34, us-
ing the additional parameters= (for equality) and 34, as a right-hand side. Finally,
strictly decreasing enforces binary> constraints between its arguments.

The constraints shown above are the only ones remaining after the dominance
check for the given sequence generators and the constraintscurrently considered by
our program. The program found 45 initial candidates, matching the positive exam-
ple for each sequence element. 28 candidates were removed bythe dominance check,
for examplealldifferent constraints on each row and column, dominated by the
alldifferent consecutive values constraint on the complete set of vari-
ables. Of the remaining 17 candidates, 8 were removed as trivial, for exampleno peak
constraints on 2 variables, which are trivially satisfied.

Note that the constraints shown do not uniquely identify thegiven problem instance.
We can write a constraint program based on the constraints found and search for solu-
tions. Figure 3 shows all 5 solutions for this program, they nicely generalize the one
example we provided as input.

Not all Magic Squares will satisfy the additional constraints shown above, they are
only valid for a subset of all 4x4 Magic Squares and are therefore not redundant. This
leads to the question on whether we can isolate the original constraints of the problem
and how many samples we will need for that task. To answer thisquestion we perform
an experiment where we pick a random sample ofk entries from the set of all solutions
for the 4x4 Magic Square problem, and count how many constraint pattern are detected
by our program. Table 1 shows the distribution of results over 100 runs for each sample
size. The rows indicate the size of the sample, between 1 and 9. The columns indicate
how many runs producedi pattern. The results seem to indicate that for the Magic
Square problem even with only three or four samples a rather accurate identification
of the core constraints of the problem is possible. But note that the random sample
selection does not really match typical human behaviour, humans often have difficulty
creating or selecting random problem instances.

6.2 BIBD

As a second example we consider the Balanced Incomplete Block Design (BIBD) gen-
eration, which is a standard combinatorial problem, often used as a benchmark problem
in Constraint Programming. A BIBD is defined as an arrangement of v distinct objects



Fig. 2: Constraints Found for Magic Square

Partition Generator Partition Constraint(s)

matrix(16,1,16,1) original sequence of values
1×alldifferent consecutive values
1×symmetric alldifferent ,
extra parameter[1, 2, . . . , 16]

matrix(4,4,1,4)

161 32 23 134
55 106 117 88
99 610 711 1212
413 1514 1415 116

4×sum ctr ,
extra parameters=, 34

matrix(4,4,4,1)

161 32 23 134
55 106 117 88
99 610 711 1212
413 1514 1415 116

4×sum ctr ,
extra parameters=, 34

matrix(4,4,2,2)

161 32 23 134
55 106 117 88
99 610 711 1212
413 1514 1415 116

4×sum ctr ,
extra parameters=, 34

matrix(8,2,4,1)

161 32
23 134
55 106
117 88
99 610
711 1212
413 1514
1415 116

4×sum ctr ,
extra parameters=, 34

matrix(2,8,2,2)
161 32 23 134 55 106 117 88
99 610 711 1212 413 1514 1415 116

4×sum ctr ,
extra parameters=, 34

diagonal

161 32 23 134
55 106 117 88
99 610 711 1212
413 1514 1415 116

2×sum ctr ,
extra parameters=, 34
2×strictly decreasing

into b blocks such that each block contains exactly k distinct objects, each object occurs
in exactly r different blocks, and every two distinct objects occur together in exactlyλ
blocks. Another way of defining a BIBD is in terms of its incidence matrix, which is
a binary matrix with v rows, b columns, r ones per row, k ones per column, and scalar
productλ between any pair of distinct rows. A BIBD is therefore specified by its pa-
rameters (v, b, r, k,λ). We consider the (7,7,3,3,1) design, with the sample, given as
an incidence matrix, shown in Figure 4. Figure 5 shows the constraints found based
on this one positive sample, together with the partition on which they apply. The con-
straints are expressed on the rows and columns, and an additional, spuriousno peak
constraint set on the diagonals. We find the row and column sums (sum ctr ), which
work on each row and column individually. But we also find thescalar product

Fig. 3: Solutions to Generated Model

13 3 2 16
8 10 11 5
12 6 7 9
1 15 14 4

13 2 3 16
8 11 10 5
12 7 6 9
1 14 15 4

16 2 5 11
3 13 10 8
9 7 4 14
6 12 15 1

16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

16 2 3 13
5 11 10 8
9 7 6 12
4 14 15 1



Table 1: Number of Pattern Found in 100 Runs, for Different Sample Sizes

Size 1 2 3 4 5 6 7 8 9 10 11
1 - - - 28 26 19 15 2 5 2 - 3
2 - - - 69 25 3 2 - - - 1
3 - - - 87 12 1 - - - - -
4 - - - 93 6 1 - - - - -
5 - - - 95 5 - - - - - -
6 - - - 99 1 - - - - - -
7 - - - 98 2 - - - - - -
8 - - - 100 - - - - - - -
9 - - - 100 - - - - - - -

Fig. 4: Sample (7,7,3,3,1) Design

0 0 0 0 1 1 1
0 0 1 1 0 0 1
0 1 0 1 0 1 0
0 1 1 0 1 0 0
1 0 0 1 1 0 0
1 0 1 0 0 1 0
1 1 0 0 0 0 1

constraint, which is expressed on all pairs of rows resp. columns. For the given example
we also find the double-lex constraints which impose the lexicographical order on rows
and columns in our example. They are expressed in two ways: the lex chain less
considers the matrix of all rows resp. columns, while thelex less constraint ex-
presses the same condition on all pairs of rows resp. columns.

6.3 Orthogonal Latin Squares

As a last example we consider Orthogonal Latin Squares of sizen, which are twon×n

matricesA andB containing numbers from 1 ton, which are Latin Squares (i.e. each

Fig. 5: Constraints Found for BIBD Example

Partition Constraints

matrix(7,7,7,1)

all pairs: 21×scalar product
7×sum ctr ,
extra parameters=, 3
matrix: 1×lex chain less
all pairs: 21×lex less

matrix(7,7,1,7)

all pairs: 21×scalar product
7×sum ctr ,
extra parameters=, 3
matrix: 1×lex chain less
all pairs: 21×lex less

diagonal 2×no peak



row and column is alldifferent), and where the tuples〈aij , bij〉 are pairwise different.
One finds a list of all low-order Latin Squares athttp://cs.anu.edu.au/ ˜ bdm/
data/latin.html , with samples given as vectors of integer values, e.g.0, 2, 1, 3, 4, 6,

5, 6, 1, 4, 2, 5, 3, 0, 1, 0, 6, 5, 3, 4, 2, 2, 5, 0, 4, 6, 1, 3, 5, 3, 2, 6, 1, 0, 4, 3, 4, 5, 1, 0, 2, 6, 4, 6, 3, 0, 2, 5, 1, 0, 6, 5, 2, 1, 4, 3,

5, 0, 4, 3, 2, 1, 6, 2, 1, 3, 5, 0, 6, 4, 1, 4, 2, 0, 6, 3, 5, 6, 3, 0, 1, 4, 5, 2, 4, 5, 1, 6, 3, 2, 0, 3, 2, 6, 4, 5, 0, 1as an example
of a 7x7 Orthogonal Latin Square. Note that this does not indicate where we can find
the matrices A and B, but just provides a vector of integer values, as we require as input
format.

The constraints found by our program are shown in Figure 6, weidentify the matri-
ces A and B, find the keyalldifferent consecutive values constraints on
rows and columns, and find thelex alldifferent constraint on all pairs〈aij , bij〉,
just by exploring different matrix generators. We also find weakerlex alldifferent
constraints and asum ctr constraint. Some of these may be implied by domination
rules which have not been implemented yet.

Fig. 6: Constraints Found for Orthogonal Latin Squares Example

Partition Constraints
matrix(14,7,7,1) 14×alldifferent consecutive values
matrix(17,7,1,7) 14×alldifferent consecutive values
matrix(2,49,2,1) 1×lex alldifferent
matrix(7,14,7,7) 2×sum ctr with extra parameters=, 147
matrix(7,14,7,1)
matrix(17,7,7,7)
matrix(49,2,7,1)
matrix(7,14,7,2)
matrix(14,7,2,7)
matrix(14,7,1,7)

1×lex alldifferent

7 Related Work

Our proposed method is a special, restricted case of Constraint Acquisition. Constraint
Acquisition [17] is the process of finding a constraint network from a training set of
positive and negative examples. The learning process operates on a library of allowed
constraints, and a resulting solution is a conjunction of constraints from that library,
each constraint ranging over a subset of the variables.

This area of research has attracted a fair bit of work over thelast ten years [8, 24,
6, 16, 5, 12, 7, 11, 20, 22, 21]. A key idea for solving this problem is the use of version
space learning from AI, which considers the set of all possible constraint networks
which accept the training set.

In an interactive setting, the training set is not fixed, but will be derived incremen-
tally. If the target model has not been identified, the systemmay suggest new training
instances, which the user has to classify as either positiveor negative. Ideally, these new
examples are chosen to maximally reduce the version space that needs to be considered.



One of the challenges of constraint acquisition for a library of global constraints is
that many global constraints have additional parameters which might not occur in the
examples given, which only list the main decision variablesdescribing the problem. The
values of these parameters must be learned from the examplesas well, this is considered
in [9, 10].

Another issue is that in constraint acquisition we don’t know over which subset of
the decision variables a constraint will be expressed. Whenwe consider only binary
constraints, this does not matter, we can explore all binarycombinations of variables in
quadratic time. For a global constraint withk variables which ranges over a subset ofn

decision variables, we are faced with a combinatorial explosion, especially if the order
of the variables in the constraint matters.

We address these two problems in the approach presented here:

– When considering structured variable sequences over multiple positive examples,
we can quite systematically explore which global constraints, with sufficient addi-
tional parameters, may be consistent with all sequences given. In case of functional
dependencies we do not have to guess these additional parameter values, we can
derive them automatically from the instances.

– By systematically exploring structured variable partitions we avoid the potential
combinatorial explosion of looking at every subset of the variables. These parti-
tions lead to potential sequences of constraints, of which we only keep those with
sufficient structure (periodic or with limited number of changes). This also avoids
the problem of finding a multitude of candidate constraints over random subsets of
the variables. At the same time we can, by considering solutions with higher cost,
also find less structured sets of constraints over the considered sequences.

8 Conclusion

We have presented in this paper a first step towards building apractical constraint acqui-
sition system which can automatically derive structured constraint models from small
sets of positive examples, considering the global constraints in the global constraint
constraint catalog as basic building blocks. This work extends our previous results on a
Constraint Seeker by partitioning given positive examplessystematically into structured
subsets, and applying the Constraint Seeker on each of thesesequences. We then solve a
multi-criteria constraint optimization problem to discover regular constraint structures
over these sequences, and finally apply meta-data from the constraint catalog to filter
dominated constraint candidates. Initial experiments indicate that this method can be
applied to a variety of structured constraint problems.
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