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Abstract

Auction theory has traditionally regarded bids in auctionsas enforceable commit-
ments. We relax this important, yet often incorrect, assumption that is common
to almost all prior literature on the subject. This work addresses the possibility of
winning bids being withdrawn, or reneged upon, before a transaction is completed
successfully.

In particular, we examine the significance of winning-bid withdrawal in a com-
binatorial auction setting. We find that it may be difficult oreven impossible for
the bid-taker to find a repair solution of adequate revenue without causing undue
disturbance to the remaining winning bids in the allocation. We have called this
thebid-taker’s exposure problemand we also show that it is exacerbated for a risk
averse bid-taker.

It is preferable for the bid-taker to preempt uncertainty bychoosing a solu-
tion that isrobustto bid-withdrawal and provides a guarantee that possible with-
drawals may be repaired easily with a bounded loss in revenue. We discuss the
computational difficulties posed by risk management and investigate a constraint
programming approach to tackling the problem. We also analyze the drawbacks
of this approach and motivate useful extensions to the framework.

We then propose a new framework that facilitates solution robustness for con-
straint programs in a wide range of settings. We briefly demonstrate its versatility
with an application to job-shop scheduling. We then apply this new framework to
combinatorial auctions in order to investigate the trade-off between robustness and
revenue. We also introduce a new auction model that improvessolution reparabil-
ity by facilitating backtracking on winning bids by the bid-taker. We demonstrate
experimentally that fewer winning bids partake in robust solutions, thereby reduc-
ing any associated overhead in dealing with extra bidders.

Finally, we consider the case in which the bid-taker wishes to optimize some
social objective, thereby necessitating truthful bidding. We have provided some
impossibility results pertaining to truthful mechanism design that incorporate ro-
bust solutions. However, we also propose a means of circumventing this problem
for a restricted class of combinatorial auctions. We develop an approximate al-
location algorithm that incentivizes truthful bidding whilst attaining an allocation
that minimizes the risk of revenue loss in the event of a winning bid being with-
drawn.
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Chapter 1

Introduction

1.1 Auctions

An auction is an economic mechanism by which a single seller explicitly permits

bidders, through their bids, to determine both payments to the seller and an allo-

cation of the item(s) being sold. It is an ancient means of trading goods where the

precise value of items for sale is unknown and the auction mechanism is used to

determine the transaction price(s).

There are four basic forms of auctions for the sale of a singleitem: first-

price ascending (English), first-price descending (Dutch); first-price sealed-bid

and second-price sealed-bid (Vickrey) auction. The English auction is the quintessen-

tial auction format in which the price of the item for sale increases until there is

only one bidder willing to pay that amount. Variations on these auction rules are

important in some instances. Consider the Amsterdam flower auctions, for exam-

ple, where the goods are perishable. It is important that theauction is executed

expeditiously, therefore, a descending Dutch auction, where the price of flowers

decreases from an initial high in timed decrements, places abound on the length of

time required to conduct the auction. Other considerations, such as the geographic

dispersion of bidders, motivate the use of sealed-bids.

The reasons for the increased popularity of auctions are theperceived improve-

ments in efficiency and revenue for the seller over less competitive procedures

such as “beauty contests”, in which a panel of judges determine the winners using
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a comparative selection procedure. As the nature of the items for sale have in-

creased in both value and complexity, so too has the need to ensure efficiency and

the ability to withstand strategic manipulation. Some disastrous auction results in

recent history have highlighted the need to carefully manage auctions. A notable

example was the sale of spectrum rights in New Zealand in 1990[89]. A second-

price sealed-bid auction was used to sell licenses which resulted in one particular

auction where the highest bid was for NZ$7 million and the second highest bid

was only NZ$5,000 so that the winning bidder only paid the latter amount. This

problem highlights the importance of intelligent auction design. The political

repercussions for a government following such a revenue failure could be severe,

so an auction format whose expected income has less varianceis desirable.

In recent years there has been a proliferation in the use of auctions across many

sectors in modern commerce. Large-volume auctions are usedto sell and procure

item such as:

Spectrum Rights. National Governments sell the rights to broadcast on certain

frequencies in the electromagnetic spectrum in given geographic locations

to telecommunications companies.

Electricity Production. Electricity generators and consumers partake in auctions

for the supply of power to a grid.

Transportation. Transport providers bid for contracts to transport items for con-

sumers in reverse (procurement) auctions.

There has also been a significant increase in research focused on designing new

auctions suited toward these emerging applications [83, 85]. However, more ad-

vanced auction mechanisms can also introduce new problems.Combinatorial

auctions have emerged in recent years as a popular auction type for the sale of

multiple distinguishable items among which bidders perceive complementarities

or substitutabilities. Such auctions, otherwise known as package auctions, per-

mit bidders to select subsets of items they wish to bid upon, thus facilitating full

expression of super- or sub-additive valuations over sets of items. Such auctions

incur difficulties in terms of preference elicitation from bidders and winner deter-

mination that is computationally challenging. However, there has been significant

advances in tackling these problems in recent years [18, 65,100, 101, 115].

2



1.2 The Topic of this Research

Combinatorial auctions are becoming more popular in modern commerce because

of the improvements in efficiency that are achievable when bidders can express

their preferences over sets of distinguishable items for sale. When selling a farm,

for example, it may be sold as a single item or divided into separate packages such

as the farmhouse, outhouses, sites overlooking the beach, arable and non-arable

land. When deciding on how to package the sale, it is impossible for the seller to

know in advance what packages would maximize revenue. Bidders may view the

complementarities between items differently, and as the size of the auction grows

it quickly becomes impossible for the auctioneer to know howthe items should be

packaged. It is more economically efficient for the bidders to bid on combinations

of items. Unfortunately, the number of possible combinations of items of interest

to each bidder grows exponentially as the number of items increases. The bids also

need to be communicated to the auctioneer in a concise manner, which becomes

increasingly difficult in large auctions.

This dissertation examines the hitherto unexplored problem of solution robust-

ness in such auctions. We first of all determine the implications of bid-withdrawal

upon revenue in a number of economically motivated scenarios. We examine

possible preemptive actions that may prevent large losses in revenue and then ex-

plore different means of tackling this problem. In particular, we study constraint

programming methodologies for establishing robust solutions for combinatorial

auctions.

1.3 The Goals of this Research

The overarching goal of this work is to investigate a problemthat presents compu-

tational difficulties to state-of-the-art solving techniques, demonstrate its signifi-

cance, and find a novel solution to this problem. In doing so, we strive to maintain

a cohesive argument throughout this dissertation that supports the central thesis

presented in§ 1.4.

In particular, we aim to investigate the effects of solutionuncertainty in com-

binatorial auctions and to provide a means of establishing robust solutions that
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lead to controlled losses in revenue, given a bid-withdrawal. This may be seen as

a form of risk management for the bid-taker in which there is atrade-off between

risk and revenue. This trade-off must be achieved in a computationally feasible

manner and ideally minimize the revenue sacrificed in order to reduce risk to an

acceptable level.

Sometimes, bid-takers do not seek revenue maximizing solutions, but instead

wish to allocate items according to some social objective,e.g. maximize social

welfare. An important result from economics, called theRevelation Principle[50,

82], implies that only truthful auction mechanisms need to be considered when

optimization of a social choice function is desired. However, truthful mechanisms

pose computational challenges for mechanism designers that we aim to overcome

so that we can facilitate risk management for a non-revenue-maximizing bid-taker.

1.4 A Statement of the Thesis

The thesis presented and defended in this dissertation can be stated as follows:

“Winning-bid withdrawal in combinatorial auctions following winner deter-

mination can cause large losses in revenue. The bid-taker can become stranded

in a local optimal solution of low revenue from which satisfactory repair solu-

tions cannot be attained, because of the awarding of items to other non-reneging

bidders. Preemptive steps are necessary to reduce this riskso that a solution

can be repaired to form another solution of acceptable revenue given a possible

withdrawal. Robust solutions that guarantee a minimum level of revenue, given

possible failures, are particularly desirable when the bid-taker is risk averse. It is

possible to find robust solutions for combinatorial auctions in a computationally

feasible manner. Furthermore, it is possible to incentivize truthful bidding for risk

managed allocations, given certain restrictions.”

1.5 Contributions of this Research

This dissertation makes the following contributions. Firstly, we identify the “bid-

taker’s exposure problem” in combinatorial auctions and show that it can have a

4



serious impact on revenue for the bid-taker. We also elaborate upon the difficulty

of solving this problem and how finding robust solutions can be preferable to

maximizing expected revenue for a risk averse bid-taker.

Secondly, we propose an initial solution to this problem using an existing con-

straint programming technique that bounds the number of changes required to

form a repair solution following the withdrawal of a winningbid [63]. We then

analyze the deficiencies of this approach when applied in a real-world context.

We proceed to develop a novel framework that finds robust solutions with proba-

bilistic failures, and varying costs of repair for changes to the solution [64]. This

framework has been developed as a versatile means of establishing robust solu-

tions for any constraint program and its flexibility has beendemonstrated using

job-shop scheduling problems.

We then apply this new framework to combinatorial auctions involving thou-

sands of bids with very positive results [62]. We examine twoseparate auction

mechanisms that permit withdrawal. The first mechanism has no penalty pay-

ments associated with bid-withdrawal, and items assigned to winning bidders can-

not be withdrawn by the bid-taker to help find a repair solution. The second mech-

anism allows bid-withdrawal for a given penalty and uses this penalty payment to

fund a reassignment of items to bidders with the bid-taker paying compensation to

previously winning bidders for bid revocation. This improves solution reparability

and increases the expected revenue of optimal robust solutions.

We also examine the strategic implications of such a non-incentive-compatible

and non-optimal winner determination algorithm. We prove an impossibility re-

sult regarding truthfulness and robust solutions. We show that this result also

applies to auctions that permit item revocation by the bid-taker. Finally, we pro-

pose a truthful approximation scheme for robust solutions that circumvents these

difficulties and incentivizes truthful bidding.

1.6 Structure of this Dissertation

This dissertation follows a logical path that begins with the exposition of a signif-

icant problem in the field of auction theory and proceeds towards its resolution by

development of a novel technique in constraint programming, a subfield of arti-
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ficial intelligence. At each stage of this process, the preface of each chapter will

summarize the progress of this resolution process in preceding chapters and moti-

vate the work in the relevant following chapter. The dissertation is constructed as

follows.

Chapter 2 outlines the background relating to auction theoryand describes

how bidders behave in a strategic manner to maximize their expected surplus from

auctions. We also introduce the field of mechanism design andshow how it can

be applied to the design of auctions so that the bid-taker candesign allocation and

payment schemes to incentivize desired outcomes. We introduce combinatorial

auctions and outline the motivation for such auctions. We then examine the pos-

sible implications for uncertainty in such auction settings and describe how the

discipline of risk management quantifies such risks so that an objective compari-

son of the utility of different outcomes can be made possible.

Chapter 3 expounds the “bid-taker’s exposure problem” and analyzes the im-

plications for revenue given a bid-withdrawal in a combinatorial auction. Risk

averse bid-takers will seek to hedge against the danger of a large loss in revenue

and are, therefore, particularly vulnerable to this problem. We discuss possible

measures to counteract this risk and discuss the computational implications of the

different approaches.

Chapter 4 introduces constraint programming (CP) and discusses a framework

that can be used to find robust solutions for constraint programs. Combinatorial

auctions are then modeled as constraint optimization problems and this framework

is then applied to these problems. The results of these experiments are discussed

and shortcomings of the approach are highlighted and used tomotivate a new

extended framework.

We then proceed to introduce a novel technique for finding robust solutions

in Chapter 5, called the weighted super solutions framework,and discuss its use-

fulness and versatility. We show how this framework can model any constraint

program whose assignments may exhibit probabilistic failure rates over time. We

also propose a metric for repair costs that can capture the true costs of chang-

ing a solution in a more realistic manner. We provide job-shop scheduling as an

example of a possible alternative application domain.

Chapter 6 applies the new framework to combinatorial auctions and demon-
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strates its usefulness in a variety of economically motivated settings. A new auc-

tion mechanism for improving solution reparability, called “mutual bid bonds”, is

also presented and it is shown that this mechanism increasesthe expected revenue

of optimal robust solutions. A number of interesting and unexpected results arise

from the empirical analysis conducted in this chapter.

Robust solutions for combinatorial auctions present a difficulty for bidders

in that computing the equilibrium bidding strategy is a difficult problem. Chap-

ter 7 examines mechanisms for robust solutions that incentivize truthful bidding,

thereby easing determination of bidding strategy. Truthful bidding also allows

the bid-taker to maximize a social objective. We present a negative result sur-

rounding truthfulness and WSSs but we circumvent the problemby relaxing rev-

enue constraints, thus enabling the creation of a truthful mechanism for approxi-

mately utility maximizing solutions in the presence of exogenous probabilities of

bid withdrawal.

We conclude with a chapter that discusses the relevance of our contributions to

the fields of electronic commerce and constraint programming. We also propose

natural extensions to this work and suggest possible futurework.
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Chapter 2

Background: Auctions and Risk

Management

Auction theory is one of the triumphs of game theory and has proved particularly

useful since the introduction of auctions for spectrum rights sales [83]. This chap-

ter provides an overview of auction theory and introduces the four most common

auction forms: English, Dutch, sealed-bid first-price and sealed-bid second-price

(Vickrey). We also discuss the different valuation models for bidders that influ-

ence the strategic decision-making process of choosing what bid amount maxi-

mizes the expected profit. This is particularly pertinent insituations when there

is uncertainty surrounding the true underlying value of an item. For example, the

intrinsic value of the oil being acquired in an auction for oil-drilling rights is the

same for all bidders although the estimates of the oil available may differ. This

problem for bidders can become quite complicated and is resolved using game-

theoretic analysis. We also present an important result from the field of auction

theory: theRevenue Equivalence Theorem.

Mechanism design can be used to define allocation and paymentrules for auc-

tions so that rational bidders follow strategies dictated by game-theoretic analysis.

It is currently a very active research topic [8, 29, 45]. Mechanism design may be

seen as form of “inverse game theory”. More specifically, mechanisms that in-

centivize truthful revelation of valuations become particularly interesting because

of a famous result known as theRevelation Principle[50, 82] that allows us to

8



restrict our attention to truthful mechanisms when trying to maximize some social

objective.

Of particular interest is an emerging auction form, the combinatorial or ‘pack-

age auction’. The popularity of the combinatorial auctionshas been increasing in

recent years due to its perceived economic efficiencies, as well as improvements to

algorithms that have addressed computational impedimentsto winner determina-

tion [51, 115, 119]. We discuss the advantages and disadvantages of such auctions

and present a combinatorial auction (CA) simulation tool that mimics bidder be-

havior in different economically motivated scenarios. We shall use this tool in

subsequent chapters to analyze the effects of bid withdrawal [78].

Finally, we introduce the field of risk management in this chapter, because

we aim to investigate the effects of solution uncertainty for CAs. Winning bid

withdrawal constitutes a considerable risk for the bid-taker in such auctions and

a quantitative approach to evaluating tolerable levels of risk is desirable. Risk

is a subjective notion and we describe how a bid-taker’s riskattitude affects his

preference over outcomes in different scenarios.

2.1 Auction Theory

An auction is a market mechanism in which an item, or items, are exchanged on

the basis of bids submitted by participants. The auction mechanism consists of a

set of rules that govern the sale, or purchase in a reverse auction, of an item ac-

cording to the most favorable bid. Auction theory concerns the design of auctions

and how their rules should be determined so that desired goals are achieved. The

goals of auction design,e.g. revenue or social welfare maximization, may differ

according to the requirements of the bid-taker and the bidders’ valuations for the

item(s) on sale.

Auction theory has emerged as an important field of research in recent years [72,

73]. The proliferation of large-volume, state-run auctions for items such as spectrum-

rights has focussed attention on how auctions should be designed [83, 85]. Subtle

changes to auction rules can cause marked differences in outcomes.
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2.1.1 Common Auction Types

In this section we present an overview of four of the most common types of auc-

tion used in commercial settings.

English auction. This is the classical auction type that is typically used in the

sale of property or collectibles. Participants bid openly against one another, with

each successive bid being higher than the previous one. The auction continues as

long as there is someone willing to outbid the current askingprice. The auction

then ends when no participant is willing to bid further, at which point the highest

bidder pays his declared bid amount. The seller may set a reserve price so that

if the auctioneer fails to raise a bid higher than this reserve the sale may not go

ahead, but the seller typically pays a fee to the auctioneer in any case.

Dutch auction. The Dutch auction is also known as an “open-outcry descending

price” auction or a “clock auction” [85]. The auctioneer starts at a high price

and subsequently lowers the price repeatedly as time passes. This is sometimes

achieved by using a clock which gradually decrements the price. The first bidder

who communicates that he will accept the current price wins the item at that price

for a quantity they may specify publicly to the auctioneer. The Dutch auction has

been made famous by the Amsterdam flower auctions, where speed is essential

because of the perishable nature of the products for sale.

Sealed-Bid first-price auction. In this type of auction all bidders simultane-

ously submit bids in such a way that no bidder knows the bid of any other par-

ticipant. The highest bidder pays the price he submitted. Inthis form of auction,

bidders strategize about the valuations of other agents when evaluating what they

should bid in order to maximize their expected surplus.

Bidders in the traditional Dutch auction and sealed first-price auction will bid

below their true valuation for an item so that they can maximize their expected

profit. This tactic is known as bid shading. These two auctions are also theoret-

ically equivalent, but in practice Dutch auctions will produce less revenue than

sealed first-price auctions. This is one of the most important results of experimen-

tal economics [121, 122].
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Sealed-Bid Second-Price (Vickrey) auction. This auction is conducted in the

same manner as a sealed-bid first-price auction with the difference that the win-

ner only pays the amount equal to the second highest bidder. The auction format

has appealing strategic properties in that it is a dominant strategy for each bidder

to bid his true valuation. A recent auction of note was the initial public offering

(IPO) of Google shares, that used a modified multi-unit, homogenous, Vickrey

auction [32, 60, 136]. In a pure Vickrey auction the optimal strategy for bidders is

to bid their true maximum value. So if a bidder is willing to pay $100 per share

then that should consititute his bid. If the Google IPO auction was a pure Vickrey

(assuming all potential bidders were rational and permitted entry to the auction)

then the post-IPO market price would equal the IPO clearing price. This means

that the post-auction share price should not fluctuate excessively in the immediate

aftermath of the flotation. However, the auction was not a pure Vickrey auction

and all the bidders were not completely rational. For example, some bidders may

not have been able to calculate their optimal strategy correctly. Google also re-

served the right to set the offering price lower than the auction-clearing price.

2.1.2 Private, Common and Affiliated Values in Auctions

The behavior of bidders in an auction depends upon whether they can draw con-

clusions from competing bids. In anindependent private-valuesmodel, each bid-

der knows how much he values the object for sale but his value is not dependent

upon the bids of others [48, 126]. Each bidder derives a valuefrom only his own

personal tastes and not external factors such as re-sale value. The revelation of

other bids does not influence each bidder’s valuation.

Thecommon-valuesmodel was subsequently introduced, where the true actual

value is the same for everyone,e.g. the oil in a drilling rights auction, but bidders

have different private information (“signals”) about the true actual value [111,

138, 140]. In this model a bidder would change his estimate ofthe value if he

learned another bidder’s signal. Common valuations often occur in auctions for

rights to natural resources [21]. If a bidder’s signal was significantly more than

all other bids for example, he may re-estimate the value of the item, therefore, his

ex-postvaluation may be decreased. If it decreases to below his bid amount, he is
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then a victim of the “winner’s curse”, a term first coined by Capenet al. [21]. The

winners in common-value auctions are necessarily the most optimistic bidders

when payment is conducted using a first-price scheme. This can sometimes result

in winning an item at a cost of more than the ex-post valuation[19, 74, 139], which

may result in serious losses for the winner [56]. Section 3.1.3 deals with this

problem in more detail.

In practice, many goods have neither purely private values nor purely common

values. Collectible items are likely to have an important private value aspect,

where each individual bidder alone knows how much he likes ordislikes the work,

but also a common value aspect because the winner may decide to resell the work

at a later date. The combination of private and common value models is referred

to asaffiliatedvalues and was first introduced by Milgrom and Weber [86].

The presence ofasymmetric informationis another important feature in auc-

tion theory. Environments with asymmetric information describe situations in

which some agents hold private information that is relevantto all parties [138].

This information can bedirectly relevant in that it directly affects the payoffs of

the bidders. For example, when the bid-taker knows the quality of the items for

sale but the bidders do not. Asymmetric information can alsobe indirectly rele-

vant by helping each agent to gauge the expected rational behavior of others and

thereby solve his strategic uncertainty.

2.1.3 Game-Theoretic Bidding Behavior

Game theory is a mathematical theory of strategic interaction where multiple play-

ers must make decisions that may affect the interests of other players. An auction

is an example of a game in which bidders are competing agents,each of whom is

seeking to maximize their utility. The bid-taker sets the rules for the game in such

a way as to achieve his objective, which is often revenue maximization but may

also be the fulfilment of some social objective. The bidders,on the other hand,

will strategize so that their expected surplus is maximized[74, 84, 85, 96].

A strategic equilibriumis a profile, or combination, of strategies such that

if other players conform to the equilibrium strategies (i.e. other bidders are ra-

tional), no player has an incentive to unilaterally deviatefrom his equilibrium
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strategy [123]. Game theory provides several solution concepts to compute the

outcome of a game with self-interested agents. Asolution conceptis used to pre-

dict the strategies agents will choose in order to maximize their utility, thus deter-

mining an equilibrium position for the game. These conceptsassume knowledge

about agent preferences, rationality, and shared information about one other. The

best known concept is that of a Nash equilibrium, which states that in equilibrium

every agent will select a utility-maximizing strategy given the strategy of every

other agent [91]. A Nash-equilibrium is self-referential and constitutes a profile

of strategies that form “optimal reactions” to other agents’ “optimal reactions”.

Nash equilibrium is the pure form of the basic concept of strategic equilibrium;

as such, it is useful mainly in normal form games with complete information.

When allowing for randomized strategies, at least one Nash equilibrium exists in

any game with regular payoff functions [123]. A game may possess one or more

Nash equilibria. We discuss two example auction forms belowand outline their

equilibrium bidding strategies.

Second-price (Vickrey) auctions with private values. In this type of auction,

the winner is the bidder with the highest bid but he only pays the second highest

bid amount for the item. The optimal bidding strategy is to submit a bid equal to

one’s actual true value for the item. This is aweakly dominantstrategy,i.e. no

matter what other bidders do, no other strategy can achieve asuperior outcome.

Note that adominantstrategy in a game for a player gives a better payoff than any

other strategy, regardless of what the other players are doing. It weakly dominates

another strategy if it is always at least as good [50]. In an English auction the

winner pays the amount at which the second highest bidder dropped out, suggest-

ing that it lends itself towards analysis via thesecond-priceauction format [125].

Vickrey’s analysis can, therefore, be applied to such auctions when attempting to

predict bidder behavior [126].

Sealed-bid first-price auctions with common values. Consider the sale of drill-

ing rights in an oil-field. A strategic bidder recognizes that winning the auction

implies that other bidders estimated a lower valuation for the oil in the field. These

other estimates would cause the bidder to be nervous about their valuation and re-
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sult in a lower estimate of the value of the oil. The equilibrium bidding strategy

is, therefore, to reduce the bid amount slightly to take the “winner’s curse”† into

consideration. This is an example of aBayesian gamein which the players have

incomplete information about the game. This can be described in terms of a game

in which a player may have one of many (or even infinite) “types”, and that the

type of any player is known to that player but unknown to others [50]. The type

of a player determines the payoffs that player receives fromany outcome of the

game. The common equilibrium notion for such games isBayes-Nash Equilib-

rium (BNE). In a BNE, each player picks a strategy function, rather than a simple

strategy [50, 125]. The strategy function then selects a particular strategy for the

player’s type. A BNE is a profile of strategy functions such that no single player

can improve his expected utility by changing his function. BNE is a solution

concept that is often applied to auctions [28, 105].

2.1.4 Revenue Equivalence Theorem

An important result in auction theory is theRevenue Equivalence Theorem(RET)

which states that, if all bidders are risk neutral, and have independent private

values for the auctioned items, then all four of the standardsingle unit auctions

(mentioned in§ 2.1.1) have the same expected revenue.

Theorem 2.1.1(Revenue Equivalence Theorem (RET) [90, 108]). Assume each

of a given number of risk neutral potential buyers has a privately-known valuation

independently drawn from a strictly-increasing atomless distribution, and that no

buyer wants more than one of thek identical indivisible prizes. Then any mecha-

nism in which (1) the prizes always go to thek buyers with the highest valuations

and (2) any bidder with the lowest feasible valuation expects zero surplus, yields

the same expected revenue (and results in each bidder makingthe same expected

payment as a function of her valuation).

Proof. See [90] for a proof.

The RET applies broadly to many auction types, beyond just theEnglish,

Dutch, first- and second-price auctions, to include many other auction mecha-

†This effect will be described in more detail in§ 3.1.3.
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nisms. It is a remarkable result, as various auctions may have completely different

strategies and rules. It is important to note, however, thatalthough the expected

revenue is the same for auctions that satisfy the conditionsin Theorem 2.1.1,

it may vary in different specific instances. Some auctions return revenues with

greater variance even though the mean revenue is the same. A risk averse bid-

taker may not welcome variance and would, therefore, prefera more predictable

outcome [132]. This offers a partial explanation for the prevalence of first price

auctions over second price auctions.

2.2 Mechanism Design for Auctions

Mechanism Design can be considered as “inverse game theory”whereby the rules

of the game are decided by an authority so as to fulfil some objective. Two typical

goals of auction design are either revenue maximization or maximization of social

welfare. The goal of maximizing revenue is an obvious one andfeatures in auc-

tions where the identity or private valuations of the winning bidder(s) matter little

when compared to the revenue received by the bid-taker. In some circumstances,

however, the bid-taker may wish to achieve certain social objectives, but because

these individuals’ actual preferences are not publicly observable, the analysis of

such auctions can become more complicated. Themechanism design problemis

to elicit these preferences so that they may be aggregated into social preferences

to form a collective decision [50, 82].

2.2.1 Mechanism Design Goals

The traditional goal of mechanism design is to determine therules of a game in

which an overall equilibrium (or equilibria) is reached according to some desirable

system-wide properties, given that all participating agents are self-interested [82].

A social choice function(SCF) describes the properties that the outcome should

possess. Some typical desirable properties include the following:

• Individual Rationality: No agent attempts to take part in a trade that fails to

increase, or at least leaves constant, his own utility [79].This is an important

property if agent participation is voluntary.
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• Efficiency: The outcome must maximize overall agent utility, thereby max-

imizing social welfare.

• Revenue Maximizing: A single agent, an auctioneer for example, maximizes

her revenue (utility).

• Budget Balance: The sum of all agent payments equals zero, therefore, no

money is extracted or injected into the system. This is particularly important

for any self-sustaining mechanism where no external benefactor exists to

subsidize the system.

However, these desirable properties may directly conflict with one another. For

example, budget balance and efficiency conflict in Vickrey auctions, which achieve

only the latter property.

TheRevelation Principle[50, 82] is a fundamental tenet of mechanism design

and implies that in a wide variety of settings, only “truthful revelation mecha-

nisms” in which agents truthfully announce their types needto be considered.

This result is not immediately obvious but means that there are no manipulable

mechanisms that, when agents strategically report their types, attain superior out-

comes according to the social objective than any non-manipulable mechanism.

Conitzer and Sandholm [30] have demonstrated, however, how this principle may

fail in certain extreme instances when computational or communication complex-

ity hinders strategic manipulation.

2.2.2 Generalized Vickrey Auction

The seminal contributions of Vickrey [126], Clarke [25] and Groves [55] (VCG)

to the field of mechanism design provide an important standard by which other

mechanisms are judged. VCG is a general method of designing truthful mecha-

nisms and a proof of its truthfulness may be found in [82].

For a given mechanism, asolution conceptis used to predict the strategies

that agents will choose in order to maximize their utility, thus determining an

equilibrium position for the game. The Generalized VickreyAuction (GVA) uses

the VCG mechanism to determine payments and has adominant strategyequi-

librium. This means that the best response strategy for eachagent remains the

same, irrespective of its knowledge about other agents or their actions. Agents
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bid their truthful valuation for an item and do not profit fromunder-estimating or

exaggerating their valuation even if they know all other bids. This is a powerful

solution concept and makes it unprofitable for agents to concern themselves with

other agents’ bids.

The GVA also ensures optimal efficiency, thereby maximizingsocial welfare

according to some objective such as fairness. However, it isnot budget balanced,

so a benevolent external party, such as a government, may be required to supple-

ment the budget. To determine payments to each agent participating in the overall

optimal solution, the overall revenue is determined without each agent present in

turn. This involvesm + 1 optimization problems ifm agents participate in the

optimal solution to the allocation problem.

Although optimization of a social objective becomes possible using such a

truthful mechanism, there are several notable disadvantages of the GVA that are

worth highlighting. If non-optimal solutions are found to the optimization prob-

lems that determine the prices paid (based on the Vickrey-Clarke-Groves mecha-

nism [25, 55, 126]) the mechanism is no longer guaranteed to be truthful. This is

a major disadvantage of the GVA. Various polynomial-time approximation algo-

rithms can provide good or near optimal solutions very quickly. However, Nisan

and Ronen [94] showed, constructively, that a non-optimal solution can in fact

result in payments arbitrarily far from optimum. If an auctioneer seeks to approx-

imate optimal solutions in a GVA using polynomial-time algorithms the results

may not be reliable and agents may have an incentive to lie.

Other limitations include reduced revenue compared with other auctions and

susceptibility to a fraudulent auctioneer. It is possible for an auctioneer to intro-

duce fake bids just below the value of the winning bids to increase revenue. For

this reason a trustworthy auctioneer is imperative in a GVA.

A GVA is also sensitive to bidder collusion. Bidders may coordinate their

bid prices so that the bids remain artificially low. In this manner, the bidders get

the item at a lower price than they normally would. The GVA self-enforces some

typical collusion agreements and makes it easier for agentsto conspire by allowing

the coordination of bids. Therefore, from the perspective of deterring collusion,

Dutch or first-price sealed-bid auctions are preferable because colluding agents

require more trust in one another for the collusion to succeed.
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2.3 Combinatorial Auctions

The popularity of online auctions has increased in recent years because the inter-

net promises to promote competition, thereby increasing revenue for the auction-

eer. In separate single-item auction, where the items exhibit complementarities

or substitutabilities, there exists a phenomenon known as the exposure problem

when items are sold separately [85]. This occurs when bidders seek a certain

set of items but do not want to end up with a subset of the items that they may

find valueless. This encourages cautionary bidding tacticsthat result in depressed

bidding. Combinatorial auctions may alleviate the exposureproblem by permit-

ting bids on an arbitrary combination of items that suits thebidders needs. In

this manner such auctions improve efficiency where items exhibit complimentar-

ities/substitutabilties for the bidders.

Such auctions have been used in many real-world scenarios such as procure-

ment for the Mars corporation [61] and the sale of spectrum licences in America’s

Federal Communications Commission (FCC) auctions [83]. The London Trans-

port Authority also operated a CA in their procurement of bus services from pri-

vate operators [85, 102]. The Chilean government have also adopted CAs for the

supply of school meals to children [41]. In the latter case, the quality of suppliers

was considered as well as the bid amount in deciding the winner, and the system

also ensured there was no monopoly in any individual region.The reported supply

costs have fallen by 22% since the adoption of the program.

In auctions where complementarities or substitutabilities are exhibited be-

tween items, there is a compelling argument for the introduction of combinatorial

bidding to improve overall efficiency. Their application isspreading to other areas

such as Supply Chain Management [131].

Combinatorial auctions fall into two categories, forward and reverse. In a re-

verse auction the auctioneer is seeking to procure goods in order to minimize cost.

If it is possible to purchase more items than are strictly necessary, the problem is

a Set Covering Problem. The buyer may choose to stipulate in the auction rules

that no surplus items are to be purchased. With the introduction of this constraint

this problem becomes a Set Partition Problem.

In the remainder of this dissertation we focus our attentionon forward auc-
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Table 2.1: Combinatorial auction example.

Items
Bidders A B AB

x1 0.60 0.00 0.00
x2 0.00 0.60 0.00
x3 0.00 0.00 1.15
x4 0.00 0.00 1.10

tions, where items are being sold and the objective is to maximize revenue.

2.3.1 The Winner Determination Problem

It is important that the bid-taker can determine the winnersfrom all bids received

in a timely manner. This is known as thewinner determination problem(WDP)

which can be represented as a Set Packing Problem (SPP) for forward auctions.

In this case it is not necessary to sell all items in order to maximize revenue.

Example 2.3.1.Consider a simple example where an auctioneer is selling two

items and there are four interested parties, biddersx1, x2, x3 andx4 (Table 2.1).

Biddersx1 andx2 are interested in the first and second items, respectively, bid-

ding $0.60million for the those items. Biddersx3 and x4 seek both items only

and bid$1.15million and$1.10million, respectively, for the pair but$0 for each

item individually†. The revenue maximizing solution for the auctioneer is to sell

the items separately tox1 andx2 thus securing$1.2million. It is impossible for

the auctioneer to know in advance whether combining the itemsin a single sale

would be profitable or not. Combining both items in this case would have re-

sulted in$0.05million of lost revenue, since the winning bid would have been for

$1.15million rather than$1.2million. Instead, CAs allow the bidders decide on

parcels of items that suit their needs, thereby improving overall efficiency. △

Combinatorial auctions involve a single bid-taker allocating multiple distin-

guishable items amongst a group of bidders. The bid-taker has a set ofm items,

†Such arbitrary complementarities amongst different bidders are often seen in property sales.
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M = {1, 2, . . . ,m}, for sale and bidders submit a set of bidsB = {B1, B2, . . . , Bn}.
A bid is a tupleBj = 〈Sj, pj〉 whereSj ⊆ M is a subset of the items for sale and

pj ≥ 0 is a price. The WDP for a CA is to label all bids as either winning or losing

so as to maximize the revenue from winning bids without allocating any item to

more than one bid. The following is the Integer Programming formulation for the

WDP:

max

n
∑

j=1

pjxj

s.t
∑

j|i∈Sj

xj ≤ 1, ∀i ∈ {1 . . . m}, xj ∈ {0, 1}.

This problem isNP-complete [110] and inapproximable [115], and is other-

wise known as the Set Packing Problem. The above problem formulation assumes

the notion offree disposal. This means that the optimal solution need not neces-

sarily sell all of the items. If the auction rules stipulate that all itemsmustbe sold,

the problem becomes a Set Partition Problem [33]. The WDP has been extensively

studied in recent years. The fastest search algorithms thatfind optimal solutions

(e.g., CABOB [115] or CPLEX [66]) can, in practice, solve very large problems

involving thousands of bids very quickly.

2.3.2 Combinatorial Auctions in Practice

Combinatorial auctions permit bidders to express complementarities amongst items.

Auctions for different types of items tend to exhibit different patterns in comple-

mentarity. For example, in spectrum rights auctions there is a clear super-additive

valuation in securing rights in adjacent geographical areas because there is the

potential for fewer transmitters than would be necessary tocover those regions on

their own.

Leyton-Brownet al. introduced a bid simulation tool for CAs called the ‘Com-

binatorial Auction Test Suite’ (CATS) [78]. This tool can simulate bid distribu-

tions for different economically motivated auction scenarios listed below:

arbitrary. Bidders view complementarity between items in an arbitrary man-

ner, as in electronic component or pollution emitting rights auctions. The
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sets of desired items for different bidders are random and possess no struc-

tural similarities.

matching. Temporal relationships between pairs of items are exhibited, e.g.

take-off and landing slots in airports, so complementarities are more highly

correlated for different bidders than forarbitrary auctions.

paths. This bid distribution simulates the sale of routes between points in 2-

D space. This is applicable in logistics, network routing and gas pipeline

auctions. Complementarities are very highly correlated.

regions. The sale of items whose complementarity relates to adjacency in 2-D

space, e.g. spectrum rights or property. Complementaritiesexhibit moder-

ate levels of correlation.

scheduling. Simulation of auctions for time slices on machines in distributed

job-shop scheduling problems [135]. Complementarities exhibit moderate

levels of correlation.

The above bidding distributions reflect realistic bidding patterns that we shall use

in the course of this work to examine the effects of solution robustness in differ-

ent types of auctions. Prior to the introduction of CATS, artificial bid distribu-

tions were used to examine the efficiency of algorithms for the WDP [2, 33, 119].

However, we are more interested in exploring realistic bid distributions, because

algorithmic efficiency is not the central focus of this work.

2.4 Risk Management

Risk management is a discipline that enables individuals andorganizations to cope

with uncertainty by taking steps to protect its vital assetsand resources. It is an

integral part of good management and encourages stability of wealth [17]. When

potential winning bids may be withdrawn from a solution to a CA, this consti-

tutes a considerable risk for the bid-taker because item retraction from other (non-

reneging) winning bidders may not be possible. We are interested in managing

this risk in a controlled fashion so that we can balance revenue against the risk

of losses caused by unreliable bidders. An uncertain solution to an auction can

be seen as a lottery over outcomes, whereby potential lossesvary according to
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the probability of bids being withdrawn and the extent to which a solution can be

repaired following such a withdrawal [63].

In this section we present expected utility theory, that incorporates both Bernoulli

utility functions over wealth and von Neumann-Morgensternpreferences over lot-

teries [68, 127]. We also describe risk aversion and the concave nature of its as-

sociated Bernoulli utility functions. This is an important concept because the risk

attitude of the bid-taker has a fundamental role in decidingupon a utility maxi-

mizing allocation, as we shall see in future chapters.

2.4.1 Expected Utility Theory

In 1944, von Neumann and Morgenstern published their seminal book,Theory of

Games and Economic Behavior[127], in which they defined an expected utility

function over lotteries, or gambles. Theirs is an axiomaticderivation, meaning a

set of assumptions over individuals’ preferences is required before one can con-

struct a utility function.

According to von Neumann and Morgenstern a lottery, or gamble, is simply a

probability distribution over a known, finite set of outcomes. In this framework,

we know with certainty the probability of occurrence of eachoutcome. Based on

the probability associated with each outcome, we can define asimple lottery as

a set of outcomes,O = {o1, . . . , on}, each of which occurs with some known

probability pi. We can also construct compound lotteries, which are probability

distributions over lotteries, so that an outcome of a lottery may itself be an entry

to another lottery.

The Preference Axioms

In order to construct a utility function over lotteries, or gambles, a number of

assumptions about individuals’ preferences are required.Jensen [68] has provided

a proof for von Neumann and Morgenstern’s expected utility hypothesis [127]

using an axiomatic derivation whose axioms include the following:

Completeness.All lotteries can be ranked so that for any 2 gamblesg1 andg2 in

G, g1 � g2 or g2 � g1 (where� denotes the binary preference relation “is

weakly preferred to” and≻ denotes “is strongly preferred to”).
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Transitivity. For any three gamblesg1, g2 andg3 in G, g1 � g2 andg2 � g3 ⇒
g1 � g3.

Archimedean Axiom. For any three gamblesg1, g2 and g3 in G, whereg1 �
g2 � g3, there existsα, β ∈ (0, 1) wherebyαg1 + (1 − α)g3 ≺ αg2 and

g2 ≺ βg1 + (1− β)g3.

Independence Axiom.For any two gamblesg1, g2 andg3 in G, g1 � g2 if and

only if αg1 + (1− α)g3 � αg2 + (1− α)g3, ∀α ∈ [0, 1].

The Archimedean Axiom impliescontinuityso that the upper and lower contour

sets of a preference relation over lotteries are closed. Themostandleastpreferred

lottery can be combined so that the compound is preferable toany intermediate

gamble.

The Independence Axiom describes theindependence of irrelevant alterna-

tives. It implies that the preference between any two lotteries isunaffected by

combining them in the same way with a third lottery. This enables the reduction

of compound lotteries to simple lotteries.

The Expected Utility Property

A utility function u is said to have theexpected utility propertyif, for a gambleg

with outcomeso1, o2, . . . , on and effective probabilitiesp1, p2, . . . , pn respectively,

we have:

u(g) = p1u(o1) + p2u(o2) + . . . + pnu(on), (2.1)

whereu(oi) is the decision-maker’s utility from outcomeoi. An individual who

chooses one gamble over another if an only if the expected utility is higher is an

expected utility maximizer. Von Neumann and Morgenstern proved that, as long

as all the preference axioms described previously hold, then a utility function

exists, and it satisfies the expected utility property.

Expected utility theory is widely used in theoretical and practical analysis.

The insurance industry is an obvious example of an application domain. It is

an imperfect theory and it has been demonstrated experimentally that people can

sometimes violate the apparently rational underlying axioms. This paradoxical

behavior is described by the Allais [1], Ellsberg [39] and Machina [80] paradoxes.
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The St. Petersburg Paradox and Decreasing Marginal Utility

The St. Petersburg paradox relates to the valuation of an offer to gamble on the

tossing of a fair coin that would be tossed continuously until it turned up tails [81].

If the coin produced a tails on thenth toss, you would receive $2n, i.e. if tails first

came up on the fourth toss, you would receive $24 = $16.

The probability of tails first appearing on tossn is 1
2n . The expected value of

the gamble is thus:
∑

i−1...∞

2i

2i
=∞.

However, in reality nobody would be willing to pay a very large amount for the of-

fer of this bet, even though the expected value of this gambleis infinity and herein

lies the paradox. This is commonly referred to as the St. Petersburg Paradox,

and was studied by Swiss mathematician Nicholas Bernoulli. In 1738 his cousin,

Daniel Bernoulli, provided a solution to the problem [12]. Daniel Bernoulli’s

solution lay in the realization that people’s “utility” forunits of money was a sub-

jective internal valuation that was determined by their current wealth. Bernoulli

hypothesized that a person’s utility from money was a logarithmic function of the

amount of money, of the form:

u(x) = k log(x) + c,

wherex represents the amount of money,k is a parameter andc is a constant.

Bernoulli used a logarithmic function to represent utility of wealth because its

value increases at a decreasing rate as the value of its argument increases,i.e. a

concave function whereby the first derivative is positive and the second deriva-

tive is negative (u′(x) > 0, u′′(x) < 0). This is the famous idea ofdiminishing

marginal utility [12].

There is an important distinction to be made between Bernoulli and von Neumann-

Morgenstern utility functions. By convention, we use the term Bernoulli Utility

Functionto refer to a decision-maker’s utility over wealth - since ofcourse it was

Bernoulli who originally proposed the idea that people’s internal, subjective value

for an amount of money was not necessarily equal to the physical value of that

money [12]. The termvon Neumann-Morgenstern Utility Functionis used to refer
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Figure 2.1: Risk attitudes.

to a decision-maker’s utility over lotteries, or gambles. Preferences over lotteries

may also be thought of as preferences over probability distributions [127].

2.4.2 Risk Aversion, Neutrality and Proclivity

A decision makers risk attitude characterizes his willingness to engage in lotteries

or gambles that exhibit probabilistic returns. Risk attitudes can be categorized

in three distinct ways: risk aversion, neutrality and proclivity. Risk aversion is

the most common risk attitude displayed in commercial activity with diminishing

marginal returns expected for increased wealth. Risk neutral agents display an

objective predilection for risk whilst agents with a proclivity for risk are willing to

engage in gambles where the utility of the expected return isless than the expected

utility.

Consider a gamblegc where a fair coin is tossed and, there is a 0.5 probability

of receivingw1 or w2, wherew1 < w2, is dependent upon the outcome of the

toss. The question of valuing the right to this gamble depends upon a person’s
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risk attitude. Figure 2.1 illustrates how different risk attitudes can be modeled as

Bernoulli utility functions. Our main interest in this work is risk aversion, but we

also outline the concepts of risk neutrality and proclivitybelow.

Risk aversion. If an individual’s utility of the expected value of a gamble is

greater than their expected utility from the gamble itself,they are said to be risk

averse. The intuition behind risk aversion being that when faced by comparable

returns, agents tend to choose the option that involves lessrisk. This constitutes

a more precise definition of Bernoulli’s principle. Risk aversion is described by a

concave Bernoulli utility function, such as a square root or logarithmic function.

Consider the gamblegc being offered to a risk averse person, whose Bernoulli util-

ity function takes the formu(w) = w
1
2 , wherew was the outcome. The expected

utility (from Equation 2.1 [127]) forgc is:

E(u) = (0.5×√w1) + (0.5×√w2) =

√
w1 +

√
w2

2
,

whilst the utility of the expected value of the gamble is:

u[E(w)] =

√

w1 + w2

2
.

Figure 2.2 illustrates a concave utility function. The gamble involves a fair coin

toss, therefore,E(w) lies halfway betweenw1 andw2. The expected utility,E(u),

is shown by point E on the chord connecting A=w1, u(w1) and B=w2, u(w2) is less

than the utility of the expected outcome,u[E(w)]. The certainty equivalent may

be considered as another lottery whose outcome involves no risk. It results in an

income ofCE(w) with absolute certainty whereu(CE(w)) = E(u). However,

when the Bernoulli utility function is concave (i.e risk averse),CE(w) < E(w).

The agent is indifferent between the two lotteries and the difference between the

two values:

π(w) = E(w)− CE(w) (2.2)

is known as therisk premium. This is the maximum amount the agent is willing to

pay for a risk free lottery. It follows that a risk averse person’s certainty equivalent

will always be less than the expected value of the gamble, andthe risk-premium
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will have a positive value.

Risk neutrality. If an individual’s utility of the expected value of a gamble is

exactly equal to their expected utility from the gamble itself, they are said to be

risk neutral. Risk neutral behavior is captured by a linear Bernoulli function. For

the above gamble, a risk neutral individual whose Bernoulli utility function takes

the formu(w) = 2w will have an expected utility over the gamble of:

E(u) = (0.5× 2× w1) + (0.5× 2× w2) = w1 + w2,

while their utility of the expected value of the gamble is

u[E(w)] = 2× w1 + w2

2
= w1 + w2.

A risk neutral agent will have a zero risk premium, and a certainty equivalent

equal to the expected value of the gamble.
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Risk proclivity (risk loving). If an individual’s utility of the expected value of a

gamble is less than their expected utility from the gamble itself, they are said to be

risk-loving. Note, however, that this does not capture normal gambling behavior

of the kind observed in casinos the world over. By this definition, a truly risk-

loving individual ought to be willing to stake all of their assets, everything they

own, on a single roll of dice, since any uncertain outcome is preferred to any

certain one. A convex Bernoulli utility function captures risk-loving behavior,

for example, an exponential function. For the above gamble,a risk-loving person

whose Bernoulli utility function took the formu(w) = w2 would have an expected

utility over the gamble of:

E(u) = (0.5× w2
1) + (0.5× w2

2) =
w2

1 + w2
2

2
,

while their utility of the expected value of the gamble is:

u[E(w)] = (
w1 + w2

2
)2.

A risk-loving agent will have a negative risk-premium, since he would need an ex-

tra incentive to accept the certain outcome, not the risky gamble, and the certainty

equivalent would be greater than the expected value of the gamble.

Jensen’s inequalities [68] summarize risk attitudes as follows:

• E(u(w)) < u(E(w))⇒ risk aversion,

• E(u(w)) = u(E(w))⇒ risk neutrality,

• E(u(w)) > u(E(w))⇒ risk proclivity.

Friedman and Savage [49] noted that it is not necessarily true that an individual’s

utility function has the same kind of curvature everywhere;there may be levels

of wealth, for example, where inflection points may occur that infer risk loving

takes over from risk aversion. Risk attitudes typically depend upon the wealth of

an agent. An insurance company is risk averse but tends towards risk neutrality as

its relative wealth grows. Purchasers of insurance are naturally more risk averse

because of their inability to withstand large losses. The insurance company earns

profits since the value of the premiums it receives is at best equal to, most probably

higher than, the expected value of the loss.
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2.4.3 Measuring Risk Aversion

The most famous measures for risk aversion were introduced by Arrow [7] and

Pratt [106]. The Arrow-Pratt measure of risk aversion is:

r(w) = −−u′′(w)

u′(w)
> 0 (2.3)

where r(w) is referred to as the coefficient ofabsolute risk aversion(ARA).

Highly risk averse agents will have a greater curvature inu(). A person with a

constant ARA (r(w) = c) only cares about absolute losses, regardless of their

level of wealth. As the size of a gamble grows, people generally become more

risk averse. Consider a coin toss with winnings of1000×w1 and1000×w2. It is

natural to assume a greater level of risk aversion, which implies that∂r(w)
∂w

< 0. A

natural extension of the ARA thus becomesArrow-Pratt measure of relative risk

aversionRRA:

rr(w) = −w × −u′′(w)

u′(w)
. (2.4)

If the RRA of a person is a constant,rr(w) = c, a person will pay a constantshare

of wealth to attain the certainty equivalent over a givenfractionof their income.

The relative risk aversion (RRA) coefficient of a person whose consumption

is close to the subsistence level may be very high. For example, if consumption

is barely above the subsistence level, no risk taking may be tolerable. If this is

the case, then the RRA coefficient must be a decreasing functionof wealth for

poorer individuals. Therefore, decreasing RRA (DRRA) is a realistic measure of

risk aversion:
∂
(

−w×u′′(w)
u(w)

)

∂w
≤ 0. (2.5)

The measurement of risk aversion is most commonly associated with the in-

surance industry and the calculation of premia. Customers ofinsurers must also

calculate how much insurance they should purchase given thefact that insurance

companies are profit seeking and premia are not generallyactuarially fair, i.e. the

premium is not equal to the expected claims.
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2.5 Summary

We provided background information concerning the field of auction theory and

gave examples of basic auction forms and how bidders behave in a game-theoretic

manner in such auctions depending upon whether their valuation model is private,

common or affiliated. We also described how mechanism designcan be utilized by

the bid-taker to design auctions so that social objectives can be met when bidders

strategize according to game-theoretic principles.

We then introduced CAs, that provide a means for bidders to describe per-

ceived complementarities between multiple distinguishable items for sale. This

helps avoid the problem of inefficient bundling of items intosingle item auctions

because the bid-taker cannot know in advance the optimal bundling strategy to

gain maximum revenue. Unfortunately, winner determination poses considerable

computational problems.

We are interested in addressing solution uncertainty in CAs.Winning-bid

withdrawal can pose a considerable risk to the bid-taker. Weneed to be able

to make decisions about how the bid-taker should make choices in the presence of

such uncertainty and in particular when he:

1. values outcomes using a concave (risk averse) Bernoulli utility function [12],

2. has preferences about the risk profiles of those outcomes.

Von Neumann and Morgenstern proposed a model for understanding and analyz-

ing risk preferences, expected utility theory [127]. In thepresence of uncertainty

surrounding solutions to CAs, risk management is necessary to hedge against the

danger of encountering objectionable losses in revenue forbid-takers with dif-

ferent levels of risk aversion. We aim to quantify risk in auction solutions using

expected utility theory and, therefore, make an accurate and informed decision

regarding what outcome is best for the bid-taker.

Chapter 3 presents potential sources of risk in solutions forsuch auctions and

describes the computational difficulties involved in reducing these risks.
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Chapter 3

Bid-taker’s Exposure Problem

In this chapter we present the hitherto unrecognized “bid-taker’s exposure prob-

lem” for combinatorial auctions in which winning-bid withdrawal is a possibility.

We argue that non-withdrawal rules in auctions constitute afallacy because en-

forcement of such rules may be impossible. The root cause of the failure may

be outside the control of the bidder,e.g. natural disaster or competition regulator

intervention. Bid withdrawal is, therefore, an unavoidablethreat to revenue and

the bid-taker should consider this risk when choosing an allocation of items to

bidders.

We demonstrate the significance of this problem using auction simulation tools

that replicate bidding in different types of economically motivated scenarios. We

also show that this problem is exacerbated for a risk averse bid-taker.

Risk management for this problem is computationally challenging and we dis-

cuss the merits of proactive and reactive approaches to combating such uncer-

tainty. The search for a solution that maximizes expected utility for a risk averse

bid-taker is not straightforward. We examine the feasibility of conventional inte-

ger linear programming approaches to tackling this problemand outline a goal of

establishing robust solutions that can better withstand the risk posed by winning-

bid withdrawal in combinatorial auctions.
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3.1 Problem Description

Combinatorial auctions are gaining popularity in sectors such as supply chain

management where trades are more frequent and of lower value[61, 102, 135].

In such auctions, bidder reliability may be questionable and some bidders may be

more trusted than others.

Revenue is the most obvious optimization criterion for such auctions, but an-

other desirable attribute issolution robustness. This quality, in its most general

sense, can be considered as a solution’s ability to withstand future uncertainty. In

terms of CAs, the uncertainty may surround the bid amounts, sets of desired items,

sets of items for sale or the ability of the bidders to executethe transaction. The

work in this dissertation concerns the latter form of uncertainty, which may lead to

the withdrawal of a winning bid. We argue that potential winning-bid withdrawal

is the most serious uncertainty facing the bid-taker because other uncertainties

such as the alteration of a bid amount may be deemed illegal byauction rules,

resulting in disqualification. It may not be practicable forthe bid-taker to enforce

non-withdrawal rules. The cause of failure in auction solutions may be outside

the control of the bidder who instigates a bid withdrawal. The myriad possible

reasons for bid withdrawals include natural disasters, competition-regulator inter-

vention or the failure of a supplier’s sub-contractor to fulfil a dependent obligation.

Auction rules regarding non-withdrawal of bids may constitute a fallacy because

of the inability to impose absolute enforcement. We, therefore, concentrate upon

winning-bid withdrawal as the most serious threat to solution stability and rev-

enue.

We focus upon the withdrawal of winning, rather than losing,bids only for the

following reasons. When a winning bid is withdrawn, there is aloss in revenue

for the bid-taker, who is left with unallocated items that may be sought-after by

other bidders. There is an opportunity for the bid-taker to reduce the resulting

loss in revenue by allocating these items to another bidder in a “repair” solution.

However, if a losing bid is withdrawn, there is no need for thebid-taker to repair

the solution because all items are already allocated.

We donot ensure that repair solutions are robust, but instead find an initial

solution that is robust for the following reason. Given thatthe probability of bid
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Figure 3.1: Bid-taker’s exposure problem

withdrawal is low, (i.e. low enough for almost all prior work in the domain to

assume it is zero), we contend that it is sufficient to ensure the reparability of the

initial allocation without ensuring that repair solutionsare also robust. The prob-

ability of a withdrawal by a winning-repair bid, conditional on a prior withdrawal

by a winning-bid, tends towards zero.

Example 3.1.1.Consider a simple CA where a horse and cart are for sale. Bid-

ders can bid on either the combination of horse and cart or each item in isola-

tion. Figure 3.1 shows how three bids,A〈HorseCart, 900〉, B〈Horse, 500〉 and

C〈Cart, 500〉, were entered in the bid submission phase.

The second phase in an auction involves winner determination. Tradition-

ally, this has focused upon maximizing revenue using the setpacking or partition

formulation, depending upon the rules governing free disposal [33, 119]. The op-

timal solution to the WDP in this case is to award the horse and cart to bidsB and

C, respectively. However, a difficulty may arise in the transaction phase if either

of the winners renege upon their bid and do not complete the transaction. In this

example, bidC is withdrawn and the bid-taker is left with a cart that is valueless

to all remaining bidders. The bid-taker is unable to revoke the award of the horse

to B. The bid-taker’s exposure problem is realized because instantiation of a re-

pair solution of satisfactory revenue is impossible (assuming that 500 constitutes

an unsatisfactory auction revenue). △

We seek arobust solutionthat extenuates the effects of winning-bid with-
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drawal (abreak in the solution) by facilitating the formation of a repair solution

of adequate revenue, without causing undue disturbance to other bidders. Abrittle

solutionto a CA is one in which an unacceptable loss in revenue is unavoidable if

a winning bid is withdrawn, as we have seen in Example 3.1.1. In such situations

the bid-taker may be left with a set of items deemed to be of lowvalue by all

other bidders. These bidders may associate a higher value for these goods if they

were combined with items already awarded to others, hence the bid-taker is left

in an undesirable local optimum in which a form of backtracking is required to

reallocate the items in a manner that results in sufficient revenue.

We have called this problem the “bid-taker’s exposure problem” because it

bears similarities to the “exposure problem” faced by bidders seeking multiple

items in separate single-unit auctions but holding little or no value for a subset of

those items. Such a bidder may end up winning a subset of desired items, thereby

incurring a loss. This “exposure problem” causes depressedbidding, as described

in § 2.3. Combinatorial auctions resolve this problem by permitting bids on sets of

items [85], but when bid-withdrawal is considered possible, the bid-taker becomes

exposed to the problem of holding items that do not complement one another and

would have returned greater revenue if combined with other items already sold in

the auction.

Definition 3.1.1 (Bid-taker’s exposure problem for combinatorial auctions). The

problem faced by a bid-taker after one or more winning bids arewithdrawn,

whereby a solution of satisfactory revenue cannot be attained because of the ir-

revocable awarding of items to other winning bidders.

Reallocating items may be regarded as disruptive to a solution in many real-

life scenarios. Consider an example where industrial procurement is conducted

using a CA. It would be highly undesirable to revoke contractsfrom a group of

suppliers because of the failure of a third party. A robust solution that is tolerant of

such breaks is preferable. Robustness may be regarded as a preventative measure

protecting against future uncertainty by sacrificing revenue in return for solution

stability and reparability. We assume a probabilistic approach whereby the bid-

taker has knowledge of the reliability of bidders from whichthe likelihood of

an incomplete transaction may be inferred. The assumption of knowledge over
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probability distributions for bidders valuations, orpriors, has traditionally been

used in economics to choose reservation prices for optimal auction design [20, 90].

On these grounds, we contend that prior knowledge of bidder reliability is also a

reasonable assumption.

3.1.1 Related Work

Although the bid-taker’s exposure problem has not receivedprior attention, there

is some related work concerning auctions and risk management that we mention

here.

Waehreret al. [128] analyzed the preferences of a risk averse bid-taker over

the class of standard auctions, presented in§ 2.1.1, as opposed to preferences over

solutions for a given auction type in our case. Risk averse sellers dislike variance

in expected revenue, therefore the Revenue Equivalence Theorem no longer ap-

plies. They found that a sealed-bid first-price auction withan appropriately set

reserve price was preferable to all other auction formats. They also found that in

both first- and second-price auctions, a risk averse seller optimal reserve price is

lower.

Harstad and Rothkopf [57] presented withdrawable bids as a form of insur-

ance against the winner’s curse. They showed that in a sealed-bid auction model

with common or strongly affiliated values for a single item, the possibility of

withdrawing a winning bid for a given penalty can provide sufficient conditions

for increased bidder aggressiveness. They show that the bid-taker is better off on

average providing such insurance.

Kastneret al. [70] examined how to handle perturbations in CAs given a so-

lution whilst minimizing necessary changes to that solution. These perturbations

may include winning-bid withdrawals, change of valuation/items of a bid or the

submission of a new bid. They looked at the problem of finding incremental

solutions to restructure a supply chain whose formation is determined using com-

binatorial auctions [131]. Following a perturbation in theoptimal solution they

proceed to impose involuntary item withdrawals from winning bidders. They for-

mulated an incremental integer linear program (ILP) that sought to maximize the

valuation of the repair solution whilst preserving the previous solution as much as

35



possible. This contrasts to our proposed proactive approach where we seek to find

an initial solution that is robust against such failures.

Porter [103] examined the FCC’s ascending multi-round auction format that

permitted bid withdrawals. The FCC permitted withdrawal fora given penalty in

multiple single item auctions. This design was intended to reduce the effects of

the exposure problem experienced by bidders who try to accumulate a package

of items in a piecemeal fashion. Porter examined the trade-off between revenue

and efficiency. He found that the increased efficiency does not outweigh the higher

prices paid so that bidder surplus falls in the presence of the withdrawal rule [103].

3.1.2 Winning-bid Withdrawal

We assume an auction protocol with a three-stage process involving a) the sub-

mission of bids, b) winner determination, and finally c) a transaction phase, as

witnessed Example 3.1.1. We are interested in winning-bid withdrawals that oc-

cur between the announcement of winning bids and the end of the transaction

phase. All bids are valid until the transaction is complete,so we anticipate an

expedient transaction process.

Note that in some instances the transaction period may be so lengthy that con-

sideration of non-winning bids as still valid may not be fair. Breaks that occur

during a lengthy transaction phase are more difficult to remedy and may require

a subsequent auction. For example, if the item is a service contract for a given

period of time and the break occurs after partial fulfilment of this contract, the

other bidders’ valuations for the item may have decreased ina non-linear fashion.

An example of a winning-bid withdrawal occurred in an FCC spectrum auc-

tion [137]. Of course, the impact of such withdrawals depends upon other bid-

ders valuations. In this case, it did not materially affect revenue because another

bid eventually superseded the withdrawn bid. However, large revenue losses are

possible for bid-takers, as occurred when book publisher Scholastic withdrew a

winning bid of $8m for inventory in a bankruptcy sale that resulted in subsequent

revenue of only $5.4m [40].

Withdrawals, orbreaks, may occur for various reasons. Winning-bid with-

drawal may be instigated by the bid-taker when Quality of Service agreements are
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broken or payment deadlines are not met. We refer to winning bid revocation by

the bid-taker as item withdrawal in this dissertation so as to distinguish between

the actions of a bidder and the bid-taker. Harstad and Rothkopf [57] outlined

several reasons for breaks in single item auctions that include:

1. an erroneous initial valuation/bid;

2. unexpected events outside the winning bidder’s control;

3. information obtained or events that occurred after the auction but before the

transaction that reduce the value of an item;

4. a desire to have the second-best bid honored;

5. the revelation of competing bidders’ valuations infers reduced profitability,

a problem known as the “winner’s curse”.

Reasons 1, 2 and 3 are non-strategic causes for bid-withdrawal that are unaf-

fected by the revelation of winning bids. The bid-taker cannot factor the likelihood

of such failures upon the outcome, so the probabilities of failure are exogenous.

However, reasons 4 and 5 describe events that are outcome-dependent. Therefore,

it is possible to apply game-theoretic analysis to analyze the probabilities of fail-

ure due to a desire to have the second-best bid honored, or thewinner’s curse,

given prior valuation distributions. It is possible to circumvent the possibility of

a bidder benefiting from withdrawal by disallowing the awardof items in a re-

pair solution to the guilty party. However, strategic bid withdrawal can still occur

because of the winner’s curse.

3.1.3 Strategic Bid Withdrawal and the Winner’s Curse

The winner of an item whose value is unknown is ultimately thebidder with the

highest bid. If the winner has bid truthfully, he therefore has the most optimistic

valuation. All other bids in the auction are all less than those of the winners, so if

he can infer that the true valuation for the item was probablyless than his payment

for the item, he may have overestimated the value of the item.This is known as

the winner’s curse. Knowledgeable bidders compensate for this effect by bidding

below their true valuation.
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Definition 3.1.2 (Winner’s Curse). The winner’s curse states that the winning

bidder in an auction with common-values (i.e. the value of theitem to all bidders

is the same) may bid an amount that exceeds the item’s intrinsic value, thereby

suffering a loss.

Wilson [139] first identified the winner’s curse problem thatis associated with

auctions in which bidders have uncertainty surrounding thevaluation of the item†.

This problem was initially of most interest to the oil industry because auctions for

drilling rights display a common values model in which the intrinsic value of the

oil rights is not known accurately.

Upon purchase of an item, it is usually the case that other potential buyers have

decided against purchasing and have lower valuations for the item than the winner.

A winner may reassess the value of the item, upon reflection, and question their

original bid. The possible answers depend on the reasons forbuying the item.

If the only reason for purchasing the item was the satisfaction of owning it,

and there was no possibility of resale, then the winner can besure that he did not

pay more for the property than it is worth so long as the purchase price did not

exceed his own valuation. This is an example of independent private values, as

discussed in§ 2.1.2, and implies that the winner’s curse is not applicable.

The winner’s curse is most clearly evident in auctions wherebidders have

common or strongly affiliated values models [21, 69]. If the item was purchased

with the intention of resale, other bidders’ valuations arean important indicator

of potential resale value. The more bidders that a winner hasoutbid, the more

worrying may be the fact that he has won. The reason for this concern is the fol-

lowing. Suppose that a bidder was competing against a group of other potential

buyers for an item and the precise intrinsic value is unknown, as in auctions for oil

drilling rights [21], but the bidders have estimated its value. This scenario occurs

in many economic situations, even markets as diverse as the transfer system for

baseball players [16, 23]. Each bidder has a probability distribution over the un-

certain value of the item. Typically, some of the estimates will be lower than the

actual value of the item and some will be higher. In a competitive environment,

such as an auction, the buyer will usually have the highest estimate of value. This

†Capenet al. [21] coined the term “winner’s curse” in a subsequent paper on bidding strategies
in auctions for drilling rights.

38



highest estimate of the value is likely to exceed the intrinsic value of the item.

Bidders avoid the significant risk of paying too much for an item by discounting

his bid. It may be impossible to know in advance whether an estimate is high or

low, so all bidders must mitigate against the risk of the winner’s curse. Determi-

nation of optimal bidding strategies whilst considering the winner’s curse can be a

difficult problem for bidders and is based in the properties of order statistics [21]

using numerical integration in single item auctions.

Significantly, however, Harstad and Rothkopf [57] showed that for single item

auctions the bid-taker can expect higher revenues on average when bid withdrawal

is permitted because the effects of bid discounting due to the winner’s curse are

reduced. They used a game-theoretic analysis that assumed the only reason for

withdrawal was the winner’s curse. Kagel and Levin found that withdrawable bid

auctions are attractive in markets where bidders are unableto compensate fully for

the effects of bid withdrawal [69]. Harstad and Rothkopf conclude that exogenous

probabilities of failure increase the need for possible bidwithdrawal by risk averse

bidders, thereby making it possible for the bid-taker to provide a form of insurance

to the bidder for a given premium [57].

3.1.4 Solution Brittleness in Combinatorial Auctions

An analysis of the sensitivity of optimal allocations to winning-bid withdrawal

provides a strong motivation for the research in this dissertation. A closed-form

analytical solution to expected loss in revenue following withdrawal is not fea-

sible for combinatorial auctions because of the highly non-trivial nature of find-

ing solutions. The WDP isNP-complete [110] and inapproximable [115]. A

Monte-Carlo style simulation technique is required to gaugelosses in revenue

from winning-bid withdrawal.

We performed a sensitivity analysis by simulating auction problems using a

bid simulation tool. We computed the revenue of optimal solutions and then

examined the effects of a single winning bid being withdrawnin turn. After a

winning bid is withdrawn we attempted to repair the solutionby awarding all re-

maining unsold items to bids that are only interested in a subset of those items.

We assumed that the bid-taker could not revoke items alreadyawarded to other
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winning bidders. In later chapters, we shall attempt to relax this assumption in a

reasonable manner so that we can improve solution reparability.

We used the Combinatorial Auction Test Suite (CATS) [78] to generate sam-

ple auction data. We created 100 instances of auctions in which there are 20

items for sale and 100-2000 bids that may be dominated in someinstances†. A

dominated bid is one whose set of items is the same as, or a superset of, an-

other whose bid amount is less than this bid. It, therefore, cannot partake in an

optimal solution to the WDP that does not consider solution robustness. CATS

uses economically motivated bidding patterns to generate auction data in vari-

ous scenarios, as described in§ 2.3.2. We performed sensitivity analysis upon

the following four bid distributions: airport take-off/landing slots (matching ),

electronic components (arbitrary ), property/spectrum-rights (regions ) and

transportation (paths ). We chose these distributions because they represent a

diverse selection of bidding patterns in different application domains.

The method used is as follows. Firstly, we determined the optimal solution

usinglp_solve , a mixed integer linear program solver [11]. We then simulated

a single winning-bid withdrawal and re-solved the problem with the other winning

bids remaining fixed,i.e. there were no involuntary dropouts. The optimal repair

solution was then determined. All bids are assumed to be brittle, so this process

is repeated for all winning bids in the overall optimal solution.

Figure 3.2 shows the average revenue of such repair solutions as a percentage

of the optimum. Also shown is the average worst-case revenuefollowing a single

break in each auction. We implemented an auction rule that disallows bids from

the reneging bidder from participation in a repair. This removes the possibility

of a bidder strategically withdrawing a bid so that a lower bid from the same

bidder can win instead. This addresses one of the possible strategic reasons for

bid withdrawal listed previously in§3.1.2. We assumed that all bids in a given

XOR bid were from the same bidder. An XOR bid in the CATS simulation tool

incorporates the same dummy item in the set of desired items for a set of bids

to explicitly state that only one of these bids may win. CATS provides no other

†The CATS flags included intprices with the bidalpha parameter set to 1000. The normal
distribution of values for items was used for thearbitrary (arbitrary-npv ) andregions
(regions-npv ) distributions.
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Figure 3.2: Sensitivity of bid distributions to single winning-bid withdrawal.

means of differentiating between bids from separate bidders.

Figure 3.2(a) illustrates how thepaths distribution is inherently the most

robust distribution since when any winning bid is withdrawnthe solution can be

repaired to achieve an average of over 98.5% of the optimal revenue for auctions

with more than 250 bids. However, there are some cases when such withdrawals

result in solutions whose revenue is significantly lower than optimum. Even in

auctions with as many as 2000 bids there are occasions when a single winning-

bid withdrawal can result in a drop in revenue of over 5%, although the average

worst-case drop in revenue is only 1%. Figure 3.2(b) shows how thematching

distribution is more brittle on average thanpaths and also has an inferior worst-

case revenue on average. This trend continues as theregions (Figure 3.2(c))

andarbitrary (Figure 3.2(d)) distributions are more brittle still. These distri-

butions are clearly sensitive to bid withdrawal when no other winning bids in the

solution may be involuntarily withdrawn by the bid-taker.
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3.2 Risk Averse Bid-taker

In this Section we consider at the effects of the bid-taker’srisk attitude on solution

preference in CAs when the bid-taker’s exposure problem is considered. The

Revenue Equivalence Theorem, as described in§ 2.1, stated that the expected

revenue of all four basic auction types for a single item is identical. This principle

assumes that the bid-taker is risk neutral. Given a risk averse bid-taker, however,

minimal variance of expected revenues is desirable. Observe that the winner in a

second-price or ascending auction pays the price dictated by the runner-up, and, by

revenue equivalence, must bid the expectation of this pricein a first-price auction.

The revenue in a first-price auction is fixed according to the winning bid, but has

the same mean as the second-price auction. An additional source of risk in the

second-price auction is that it is unconditional on the first-price and, therefore,

exhibits greater variance. The strategic actions of bidders serve to reduce the

variance of bidding patterns in first-price auctions. This implies that there is a

greater level of risk for the bid-taker in the second-price auction. For a complete

analysis of preferred auction forms for a risk averse bid-taker, the reader is referred

to [128].

The sensitivity analysis conducted in§ 3.1.4 indicated that the revenue loss

for repair solutions given a winning-bid withdrawal in an optimal solution can be

substantial. Therefore, in sealed-bid combinatorial auctions, considerable risk is

posed by such uncertainty [62, 70]. We seek to address this risk by finding robust

solutions whose repair revenue variance is less than that ofthe optimal solution

so that expected utility can be increased.

3.2.1 Risk Management for Combinatorial Auctions

When a risk averse bid-taker faces a choice of solutions incorporating various

probabilities of bid withdrawal, this may be viewed as a choice over lotteries.

We learned in§ 2.4 that von Neumann and Morgenstern’s expected utility theory

can be used to maximize expected utility for a given risk attitude and, therefore,

govern the choice of solution.

We consider a CA with an optimal solution to the WDP,So, andv winning
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bids whose probability of withdrawal ispi, wherei ∈ {1, . . . , v}. Post-withdrawal

solutions cannot confiscate items from non-reneging winners, therefore, the set of

items previously awarded to the withdrawn bid,bi, must be redistributed to form a

repair solution,Sri
. For simplicity, let us initially only consider the possibility of

a single winning-bid withdrawal. The von Neumann-Morgenstern [127] expected

utility model implies that we should seek to maximize the expected utility:

E(u) = pnw × u(So) +
v
∑

i=1

pi × u((Sri
), (3.1)

wherepnw = (1 − ∏v

i=1 pi) is the probability of no withdrawal†. The utility

function of the bid-taker,u, determines the risk attitude of the bid-taker. In this

dissertation we examine the preferences of both risk neutral and risk averse bid-

takers. The optimal solution to the WDP in terms of revenue,So, is no longer

necessarily optimal in the presence of bid withdrawal, evenfor a risk neutral bid-

taker. A solution whose repair solutions have higher revenue may return a higher

expected revenue thanSo.

Example 3.2.1. Consider an auction whose bids comprise those listed in Ta-

ble 3.1. We seek the optimal expected revenue in the situation where a single

bid may be withdrawn, assuming that the bid-taker is risk neutral. There are three

submitted bids for items A and B, the third being a combination bid for the pair

of items at a value of 190. The optimal solution has a value of 200, with the first

and second bids as winners. When we consider the probabilitiesof failure, in the

fourth column of Table 3.1, the problem of which solution to choose becomes more

difficult.

Computing the expected revenue for the solution with the first and second bids

winning the items, denoted〈1, 1, 0〉, gives:

(200× 0.9× 0.9) + (2× 100× 0.9× 0.1) + (190× 0.1× 0.1) = 181.90.

If only a single bid can be withdrawn there is probability of 0.18 of a revenue

of 100, given the fact that we cannot withdraw an item from the other winning

†Note that the conditional probability of multiple withdrawals is 0, so that only a single bid is
likely to be withdrawn.
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Table 3.1: Example combinatorial auction.

Items
Bids A B AB Withdrawal prob

1 100 0 0 0.1
2 0 100 0 0.1
3 0 0 190 0.1

bidder. The expected revenue for〈0, 0, 1〉 is:

(190× 0.9) + (200× 0.1) = 191.00.

We can say that〈0, 0, 1〉 is preferable to〈1, 1, 0〉 based on expected revenue, there-

fore, preferable for a risk neutral bidder. △

Risk aversion accentuates the problem of suffering low utility from repair so-

lutions. Variance in potential revenue constitutes a risk,and consequently risk

averse bid-takers prefer an initial solution whose repairsdisplay a smaller devia-

tion in revenue from the initial solution.

Example 3.2.2.Consider Example 3.2.1, where the bid amount for bid3 is in-

stead 175. The expected revenue of〈1, 1, 0〉 (181.75) becomes greater than that of

〈0, 0, 1〉 (177.50). However, a risk averse bid-taker may prefer the latter solution

because the revenue is never less than 175, but the former solution returns rev-

enue of only 100 with probability 0.18. The expected utility of 〈1, 1, 0〉 for a risk

averse bid-taker whose Bernoulli utility function isu(w) =
√

w, is:

(
√

200× 0.9× 0.9) + (2×
√

100× 0.9× 0.1) + (
√

190× 0.1× 0.1) = 13.39,

whereas the utility of〈0, 0, 1〉 is:

(
√

190× 0.9) + (
√

200× 0.1) = 13.81.

A risk averse bid-taker with such a risk attitude would prefer the second solution,

preferring to sacrifice revenue for reduced risk. △
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Example 3.2.2, shows how the risk attitude of the bid-taker governs the selec-

tion of utility maximizing solutions. Unfortunately, finding robust solutions poses

computational challenges that we shall examine in§ 3.2.2.

3.2.2 Computational Feasibility

Maximizing expected utility via the von Neumann Morgenstern expected utility

property is a combinatorial optimization problem. If we restrict the probabilities

of failures to be conditional so that the probability of two or more failures is

zero, we can approximately maximize expected utility. An integer programming

formulation for this problem, assuming only a single, winning-bid withdrawal, is

the following:

max

(

n
∑

j=1

(1− pj)u(vj)xj +
n
∑

k=1

n
∑

j=1

pkxku(vj)rkj

)

(3.2)

subject to the following constraints:

m
∑

j|i∈Sj

xj ≤ 1,∀i ∈ {1, . . . ,m}, xj ∈ {0, 1}, (3.3a)

m
∑

j|i∈Sj ,k 6=j

xj + rkj ≤ 1,∀i ∈ {1, . . . ,m}, (3.3b)

∀k ∈ {1, . . . , n}, xj, rkj(k 6=j) ∈ {0, 1}, rkk ∈ {0},

wherepj is the probability of bidj being withdrawn,xj the decision variable for

bid j, vj the amount of bidj andrkj is the repair value of bidj given a with-

drawal of bidk. Therefore,rkj indicates whether or not bidj is successful in

the repair solution following the withdrawal of the winning-bid k. Equation 3.2

seeks to maximize expected utility according to von Neumann-Morgenstern’s ex-

pected utility property with the conditionally dependent probability of multiple

bid withdrawals set to zero.

A major disadvantage of this approach is thatO(n2) variables are necessary

to represent the status ofn bids in repair solutions forn potential bid withdrawals,
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thus making the formulation impractical. The constraints in Equation 3.3a are

the same as those in the WDP and stipulate that bids sharing thesame item have

only a single winning bid in that set. Equation 3.3b describes constraints for

repair solutions after bidj is withdrawn. No repair bid may be awarded an item

already assigned to another non-reneging bidder in the original solution. Also, the

repair solution for bidxk failing hasrkk = 0 because this bid is withdrawn. In

this formulation,O(mn) constraints are necessary. The space complexity may be

further increased by considering multiple,y, breaks that requireO(ny+1) variables

andO(mny) constraints.

When a bid is withdrawn there are restrictions on how the solution can be

repaired. If the bid-taker is able to revoke the awarding of items to other bidders,

the solution can be repaired easily by reassigning all the items to the optimal

solution of the auction without the withdrawn bid. Alternatively, the bidder who

reneged upon a bid may have all his other bids disqualified andthe items could be

reassigned based on the optimum solution without that bidder present. However,

the bid-taker is often unable to freely reassign the items already awarded to other

bidders. The optimization problem of Equation 3.2, subjectto the constraints

of 3.3, applies the same auction rules as were used in the sensitivity analysis of

§ 3.1.4. When items cannot be withdrawn from winning bidders, following the

failure of another bidder to honor his bid, this imposes a restriction on reparability.

A repair solution includes all non-reneging winning bids and a WDP decides upon

a set of winning bids amongst all bids whose items only include those in the

withdrawn bid or those that were not allocated in the original solution. We are

free to award items to any of the previously unsuccessful bids when finding a

repair solution.

Determining the maximum expected utility in the presence ofsuch uncertainty

becomes computationally infeasible as the number of brittle bids grows. A WDP

needs to be solved for all possible combinations of bids thatmay fail. If anyk

bids may fail, we need to compute
(

n
k

)

possible repair solutions.

PROPOSITION 1. Finding a repair solution that maximizes expected revenue

following a single winning-bid withdrawal isNP-complete.

Proof. The following proof follows trivially from the complexity of the WDP. The
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set of items in the withdrawn bid,M, is reassigned to other bids whose desired set

of items is⊆M, in a winner-determination problem to establish a repair solution.

The WDP isNP-complete [110].

Proposition 1 implies that optimization of expected utility with an exponential

number of possible repair problems is computationally intractable.

3.3 Robust Solutions

A robust solutionto a combinatorial auction should be able to withstand winning-

bid withdrawal by not incurring an unacceptable loss in revenue. Such a solution

should be able to tolerate such uncertainty by making small changes to the allo-

cation of items to form a repair solution, without causing undue disturbance to

the rest of the solution. The revenue of repair solutions fordifferent potential

winning-bid withdrawals should also exhibit a low variancebecause risk averse

bid-takers prefer predictable incomes, as described in§ 3.2.

In the following section we examine the benefits of robust solutions for risk

averse bid-takers. We also explore the use of integer linearprogramming (ILP)

techniques for finding robust solutions. Winner determination for CAs typically

uses ILP solvers such as CPLEX [66] for solving such combinatorial optimization

problems [33].

3.3.1 Added Value of Robust Solutions

When there is uncertainty about a solution, possible bid withdrawal in our case,

then the solution may be regarded as a lottery. Before considering the value of

a robust solution we shall determine the value of the lottery, lo, that contains the

optimal solution,So, and its optimal repairs,r, as possible outcomes. The cer-

tainty equivalent (CE) oflo is the exact payment that when offered to the bid-taker

with zero risk offers the same expected utility aslo. Figure 3.3 shows an example

optimal solution with the revenue of repairs on the abscissa.

The bid distributions presented in the CATS bid simulation tool [78], discussed

previously in§ 3.1.4, exhibit different bidding patterns. Consequently, the vari-

ance in solution revenues is dependent upon the bid distribution. This also affects
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the expected revenue of the optimalrobustsolution that provides a bound on the

minimum acceptable revenue for repair solutions.

From the sensitivity analysis, conducted previously in§ 3.1.4, of the effects

of bid withdrawal, we can estimate the probability distribution function, f(x),

of revenues for all possible repair solutions over[0, So]. Given the limitations

imposed by computational feasibility, namely that repairsprovide lower bounds

only, how much initial revenue should we sacrifice to find a robust solution whose

repair revenues are at leastγSo, γ ∈ (0, 1), given a risk averse bid-taker with a

concave utility functionu()?

A necessary condition for the preference of a robust solution over the optimal

solution is the following:

u[CERb(w)] ≻ u[CEo(w)]. (3.4)

Figure 3.3 shows an example of a brittle optimal solution andindicates the cer-

tainty equivalent,CEo(w), for this solution given the large variance of revenue

for repair solutionsro1 − ro4. Figure 3.4 shows a robust solution whose repair

49



solutions exhibit lower variance than that of the optimal WDPsolution presented

previously in Figure 3.3. In this example robust solution all repair solution rev-

enues exceedγSo. Note that it is possible for a repair solution (e.g. rRb4) to have

higher revenue than the pre-withdrawal solution. The CE for the solutions in Fig-

ures 3.3 and 3.4 are contrasted in Figure 3.5. We can see that the CE for the robust

solution is greater than that for the optimal solution, thusimplying that the former

is preferable to the latter (u[CERb(w)] ≻ u[CEo(w)]).

The expected utility of the optimal solution can be determined using the von

Neumann-Morgenstern expected utility property when we know the distributions

of repair solution,fo(x), revenues:

Eo(w) =
bo
∑

i=1

(

poi

∫ So

0

u(x)fo(x)dx

)

+ (1−
bo
∑

i=1

poi
)u(So), (3.5)

wherebo is the number of winning bids,poi
is the probability of theith winning bid

being withdrawn andfo(x) is the distribution of optimal repair solutions in terms

of revenue. Similarly, the expected utility of a robust solution, SRb, is determined

as follows:

ERb(w) =

bRb
∑

i=1

(

pRbi

∫ So

γSo

u(x)fRb(x)dx

)

+ (1−
bRb
∑

i=1

pRbi
)u(SRb), (3.6)

wherefRb(x) is the distribution of repair solution revenues for the optimal robust

solution. Also,bRb is the number of winning bids in the robust solution, andpRbi

is the probability of theith winning bid being withdrawn. The probability distrib-

ution of repair revenues may be determined empirically using a Monte-Carlo style

simulation. The results from the sensitivity analysis provide such information and

permit us to estimate expected revenues for user-defined values ofγ, but are only

indicative in a repeated auction scenario when the items forsale are identical. We

also require the likely number of bids in a solution and theirrespective probabili-

ties of failure. Realistically, it is more likely thatγ is chosen as a lower bound on

acceptable revenue in the event of a withdrawal because evenrepeated auctions

can be unpredictable. The optimal robust solution is then compared against the

overall optimal (discounting possible withdrawals) in terms of expected utility.
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The expected utility is the utility of the certainty equivalent. Therisk pre-

miumis defined as the difference between the expected revenue andthe certainty

equivalent, from Equation 2.2. It may be impossible to achieve a solution without

any risk, but a robust solution,SRb, offers a solution with reduced risk. A robust

solution can, therefore, offer added value to a bid-taker.

Definition 3.3.1(Actuarially Fair Premium (AFP) payment for a robust solution,

SRb.). The difference in the certainty equivalent of the optimal solution and the

certainty equivalent ofSRb.

Therefore, the AFP in Figure 3.5 isπRb(w) − πo(w). The AFP defines the

precisevalue of a robust solutionover the optimal solution as determined by the

WDP. Note that if this premium is negative, the optimal solution is preferable to

the robust solution.

3.3.2 ILP Approaches for finding Robust Solutions

Integer linear programs are typically used to formulate thewinner determination

problem [33], when a specially-tailored algorithm such as CABOB [115] is un-

available. The robustness criterion, however, poses difficulties for ILP formula-

tion.

Bertsimaset al.[13, 14] introduce a formulation of integer programming prob-

lems that produces robust solutions when both the cost coefficients and the data

constraints may be subject to uncertainty. When only the costcoefficients are

subject to uncertainty and the problem is a 0-1 discrete optimization problem on

n variables; the procedure of solving the robust counterpartby solving n + 1

instances of the original problem is described [13, 14]. They show that if the

original problem is polynomially solvable, the robust counterpart problem is also

polynomially solvable. Therefore, robust versions of suchwell-known problems

as shortest path or bi-partite matching are polynomially solvable when there is

uncertainty over cost coefficients or data constraints. We are interested in uncer-

tainty over decision variables rather than cost coefficients or data constraints. In

particular, we deal with binary variables that effectivelylose 1 as a possible value.

In an auction scenario the bid amounts are set unequivocally, whilst there remains

uncertainty over the ability or willingness of a bidder to actually pay that amount.
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The main difficulty with the ILP approach stems from the fact that repair vari-

ables are provided for all submitted bids, even those bids that do not partake in

the robust solution. There are more variables initially instantiated than are strictly

necessary, because at mostm bids may win when there arem items for sale. In

real-life combinatorial auctions,m ≪ n, wheren is the number of bids submit-

ted, so ideally onlyO(m + n) variables should be present. It may be possible to

reformulate the WDP to attain robust solutions more efficiently than usingO(n2)

variables, but earlier work on reformulation to attain robustness is not encourag-

ing. Hebrardet al. [59] examined the reformulation of CSPs for finding super

solutions and found that it was a very inefficient means of obtaining robust solu-

tions. This does not preclude the existence of a compact model to represent the

problem of solution robustness in the WDP. However, our search for an efficient

ILP model proved fruitless so we pursued a search-based approach that involved

node-level reparability checking. The creation of repair variables dynamically

during branch and bound search, as they are required, shouldimprove efficiency

by performing only necessary constraint checks. In§ 8.2.2 we discuss possible

future work in the area robustness and ILPs.

A technique that is sometimes used in scheduling applications is the introduc-

tion of slacknessto accommodate potential delays by allotting more time thanis

strictly necessary to activities [31]. This idea could be translated into penalizing

bids likely to fail by reducing their bid amount in the calculations accordingly.

For instance, in Example 3.2.1 we could execute a WDP where thebid amounts

are multiplied by the likelihood of the bid not being withdrawn, thus ignoring its

reparability. This is a simplistic and inefficient approachunsuitable for our pur-

poses. It may unnecessarily discriminate against bids thatmay be easily repaired

by others of slightly lesser amounts. For this reason, we do not proceed with this

technique.

3.4 Summary

The popularity of first-price auctions remains unexplainedin terms of the Rev-

enue Equivalence Theorem. Waehreret al. [128] showed that for the case of a

risk averse bid-taker and risk neutral bidders, first-priceauctions are favorable to
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second-price auctions that are, in turn, preferable to English auctions. Risk aver-

sion amongst bid-takers is a significant contributory factor in the choice of auction

form.

The possibility of winning-bid withdrawal represents a significant risk for the

bid-taker in combinatorial auctions. Unlike the basic auction forms presented in

§ 2.1.1, an optimal repair solution may be unattainable giventhe fact that items

have been assigned to other bidders. We have called this thebid-taker’s expo-

sure problem. Reactive approaches to repairing the solution may be impossible,

given reasonable constraints on the ability of the bid-taker to involuntarily revoke

items from winning bidders. The risk associated with irreparable breaks in a so-

lution must, therefore, be considered in advance of winner determination using

a proactive approach. We, therefore, desire robust solutions that can be repaired

to form alternative solutions with satisfactory revenue. It is also important that

undue disturbance is not visited upon non-reneging winningbidders.

A robust solution for a combinatorial auction that reduces the variance of re-

pair solution revenues was suggested. Unfortunately, finding robust solutions is

impractical using conventional ILP formulations that seekto maximize expected

revenue. Other approaches including introducing slackness or Bertsimas’ robust

discrete optimization [13] are also unsuitable. In the following chapter we study

a constraint programming framework that provides robust solutions. We shall in-

vestigate the feasibility of applying this approach to combinatorial auctions.
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Chapter 4

Super Solutions for Combinatorial

Auctions

Previously we have seen how the bid-taker’s exposure problem presents a risk of

significant revenue losses when winning bids may be withdrawn. A pro-active

approach is desirable whereby a robust solution is found that is resistant to bid

withdrawal. In this Chapter we explore the possibility of using super solutions for

constraint programs to attain solution robustness for CAs [58].

We present the super solutions (SSs) framework and show how solution ro-

bustness for constraint programs can be achieved [59]. A basic constraint model

for CAs is described and we show how a SS can be found using this model. This

is the first time that a robust solution has been sought for such auctions. We

present an empirical study of the trade-off between solution robustness and other

optimization criteria using problems that illustrate the difficulties associated with

finding a SS. In particular, we examine the orthogonal notions of finding a SS

that maximizes either reparability or revenue. In circumstances where no robust

solution exists it may be useful to maximize reparability, whereas revenue can be

optimized when more than one SS exists.

There are several different notions of robustness, besidesthose of SSs [59]

and fault tolerance [134] in CP, that can be applied to algorithms or solutions.

Branching Constraint Satisfaction [47] is a technique that focuses on finding ro-

bust partial solutions to a dynamically changing problem inwhich new variables
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may be added after assignments have been made. This may be viewed as a form

of online algorithm for a problem that receives new input variables at unspecified

times in the future. This is in contrast with super solutions, whose problem vari-

ables remain fixed. There are other CP frameworks such as Dynamic CSP [37],

Fuzzy CSP [38, 113], Probabilistic CSP [43], Mixed CSP [44], Soft CSP [15]

and Stochastic CSP [130] that also deal with uncertainty. However, none of the

above frameworks provide robust solutions that bound corrective changes should

an assignment be invalidated.

Bent and Van Hentynryck’s online stochastic scheduling [10], proposes a consensus-

based stochastic approach to dealing with future uncertainty, and give packet

scheduling as an example. That work assumes that there is newincoming in-

formation and there are time constraints on the time available to determine what

packet should be scheduled next. Wallace and Freuder’s Stable Solutions for Dy-

namic CSPs [129] examined the possibility of losing domain values and having

constraints added during search. Many temporary changes are anticipated and the

intention is to minimize conflicts using a hill-climbing approach that backtracks

during search when a change occurs. This is in contrast to super solutions, in

which small breaks are anticipated and guarantees are provided on reparability.

Yorke-Smith and Gervet [142] adopted another approach to handling uncertainty,

in which they focus on uncertainty due to incomplete or erroneous data. They

seek a reliable model, in which there is no uncertainty because all approximations

are removed. The “full closure”, or set of all possible solutions, is then computed.

There is no concept of solution robustness following possible changes in this work

because the uncertainty is removed in the model to ensure closure over guaranteed

solutions.

Weighted CSP associates a cost with tuples in constraints andis a non-idempotent,

soft-constraint framework. The optimization problem is typically to minimize the

total cost of the solution. A MAC-based search [76] can be usedto find solutions

for WCSPs. The cost function is defined as the summation of the costs of all con-

straints. However, none of the above techniques are concerned with preempting

uncertainty so that the solution is easily reparable following a failure, as is the

case with super solutions [59].

Finally, in this Chapter, we critique the SSs framework and discuss some of
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Figure 4.1: Robust solutions intuition.

its limitations. We propose novel extensions to circumventthese difficulties and

increase its flexibility.

4.1 Motivation and Overview

Finding a solution that optimizes expected utility is computationally infeasible,

whereas a simple heuristic approach such as discounting bidamounts for unre-

liable bidders is computationally feasible but unsatisfactory in terms of solution

quality. There is a tradeoff between expected utility optimization and computa-

tional feasibility.

We propose a parameterization of robustness in combinatorial auctions that

will facilitate a search mechanism for finding solutions that exhibit reduced vari-

ance in expected utility. Adding aminimum revenue constraintso that revenue

must exceed a certain fraction,γ ∈ [0, 1], of the optimal revenueSo reduces the set

of possible solutions. Figure 4.1(a) shows an intuitive example whereγ = 0.90.

The relative proximity of solutions in this diagram indicates the ease with which

one solution can be changed to another should a failure occur. If the revenue con-

straint is further relaxed toγ = 0.85, as in Figure 4.1(b), the cardinality of the

solution set increases. A robust solution is one from which it is easy to transition

to another (repair) solution should any possible break cause it to be invalidated.

As the number of available solutions increases in Figure 4.1(b), so too does the

number of robust solutions from which to choose.
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The cost of repairing a solution is another important parameter in solution

robustness. For combinatorial auctions, some items are already awarded to other

non-reneging bidders and revocation of these items is undesirable. The metric

for establishing the cost of repairing a solution is equallyimportant when finding

robust solutions. Super solutions measure repair costs according to the cardinality

of the repair set,i.e. how many variable assignments have changed.

4.2 Super Solutions for Constraint Programs

In this section we present the SSs framework for constraint programs [52, 58,

59] and show how it can provide solution robustness for combinatorial auctions.

In constraint programming (CP) [36] , a constraint satisfaction problem (CSP)

is modeled as a set ofn variablesX = {x1, . . . , xn}, a set of domainsD =

{D(x1), . . . , D(xn)}, whereD(xi) is the set of finite possible values for variable

xi and a setC = {C1, . . . , Cm} of constraints, each restricting the assignments of

some subset of the variables inX.

Constraint satisfaction involves finding values for each of the problem vari-

ables such that all constraints are satisfied. Its main advantages are its declarative

nature and flexibility in tackling problems with arbitrary side constraints. Con-

straint optimization seeks to find a solution to a CSP that optimizes some objective

function. A common technique for solving constraint optimization problems is to

use branch-and-bound techniques that avoid exploring sub-trees that are known

not to contain a better solution than the best found so far. Aninitial bound can

be determined by finding a solution that satisfies all constraints in C or by using

some heuristic methods.

A classicalsuper solution(SS) is a solution to a CSP in which, if a lim-

ited number of variables lose their values, repair solutions are guaranteed with a

bounded number of changes, thus providing solution robustness [59]. It is a gen-

eralization of both fault tolerance in CP [134] and supermodels in propositional

satisfiability (SAT) [52]. In the classical SSs framework, an (a, b)-super solution

guarantees that if at mosta variables lose their assignments, a repair solution can

be found by reassigning thosea variables and at mostb others. Therefore, a SS is

a proactive approach for dealing with uncertainty that ensures solution robustness.
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Super solutions for constraint programs place an upper bound on the number

of assignments that need to be changed when forming a repair solution. Only

a particular set of variables in the solution may be subject to change and these

are said to be members of thebreak-set. Hebrardet al. [59] have also described

possible means of restricting break and repair sets. For each combination of brittle

assignments in the break-set, arepair-set is required that comprises the set of

variables whose values must change to provide another solution. Thecardinality

of the repair set is used to measure the cost of repair. Example 4.2.1 gives a simple

example of how a SS provides solution robustness for a small CSP.

Example 4.2.1.Consider a CSP with two variablesX andY ∈ {0, 1}. There are

three possible solutions〈1, 1〉, 〈0, 1〉 and 〈1, 0〉. 〈1, 1〉 is a (1,0)-super solution

because if either of the assignments breaks we are still left with a solution after

making 0 changes to other variables. However, solutions〈1, 0〉 and 〈0, 1〉 are

(1,1)-super solutions because we can always repair one variable if necessary to

form another solution. A (1,0)-super solution may, therefore, be considered more

robust than a (1,1)-super solution because it causes less disruption when forming

a repair solution. △

4.2.1 (1,b)-Super Solution Search Algorithm

Super solutions are found by using a MAC-based [114] search algorithm† that

examines the reparability of each variable assignment at each node of the search

tree. MAC is a state-of-the-art hybrid search and inferencealgorithm used to solve

constraint satisfaction problems. Partial solutions are extended after all previous

brittle assignments are deemed reparable. Algorithm 1, from [58], shows how the

MAC-based search algorithm may be implemented for (1,b)-super solutions.

A repair solution,Rx, is associated with each variablex. This repair solution

consists of an array of assignments for all variables shouldvariablex’s assignment

break. Thebacktrack procedure attempts to extend the partial assignments of

X . The reparable procedure checks that each previous variable assignment,

in Past, can still be repaired after another variable inX has been assigned. This

†It is possible to reconfigure the algorithm to enforce different levels of consistency at nodes
of the tree. For example, forward-checking could be used instead of MAC.
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involves extending the partial repair solutions inRx for all x ∈ Past. If at any

stage, a partial repair solution cannot be extended withoutsatisfying all constraint

then backtracking occurs.

The search for a repair solution,Rx, ensures that the repair value forx is

different to that assigned in the SS becauseRx is the alternative solution should

the assignment forx break.

Backtracking may also occur if the current master search for a(1,b)-super

solution may not be able to extend the partial solution in a manner that is consistent

with the problem constraints. Hebrardet al. [58] have shown that this algorithm

terminates, is sound and complete. They have also showed that it isNP-complete

whena is fixed.

Algorithm 1 : SUPER-SOLVE [58]
input : b, CSP:P={X ,D, C}
output: S: a (1,b)-super solution andR:the set of repair solutions
begin

S ← ∅ // Solution
R← ∅ // Set of repair solutions
Past← ∅ // Ordered set of assigned variables
foreachx ∈ X , y ∈ X do

Rx[y]← min(D(y))

AC(P, S) // Perform arc-consistency
backtrack(P ,S,Past,R,b,0)

end

It is also possible to impose restrictions on the break and repair sets. For

example, some assignments may not be brittle so it may not be necessary to find

repair solutions for all variables. Repair set restrictionsmay impose a constraint

on which variables are allowed to change. Also, alternativevalue restrictions may

preclude some domain values from acting as repairs for others.

Although the search for reparable solutions is described asa procedure in [58],

it can in fact be implemented as areparable global constraint using an appro-

priate filtering algorithm that counts the difference in assignments between the

SS and the relevant repair. For further details on the algorithm for (1,b)-super

solutions, the reader is referred to [58].

59



Procedure backtrack( P ,S,Past,R,b,lvl) :Boolean [58]

begin
if X = Past then return true
choosex ∈ X \ Past
Past[lvl]← x
foreachv ∈ D(x) do

saveD, R
S ← S ∪ {(x, v)}
if AC(P ,S) then

foreachy ∈ Past & brittle(y) do
if ¬reparable(P ,S,Past,Rx,0,b) then break
if backtrack(P ,S,Past,R,b,lvl + 1) then return true

restoreD, R
S ← S \ (x, v)

Past[lvl]← ∅
return false

end

It is possible to reformulate a CSP so that the only solutions are SSs [52, 59,

134]. A fault tolerant solution is the same as (1,0)-SS. Weigel and Bliek [134] pre-

sented a simple reformulation that duplicates variables, domains and constraints.

An inequality constraint is also added between all the original variables and their

duplicates. The solution to the original variables (if one exists) is then a (1,0)-SS.

Hebrardet al. proposed a reformulation using the cross-product of domains [59].

However, we focus on a search-based approach because [59] provides evidence of

its superior performance over reformulation.

4.2.2 A Pedagogical Example

The search for a SS runs concurrently with searches for repair solutions whereby

the search for a SS in the master tree backtracks if any of the repair searches are

unable to reach the same node level. Figure 4.2 provides an example of how the

search algorithm traverses a master tree while looking for aSS for the auction

presented in Table 4.1, The master tree search only progresses to a child node if

all previous brittle assignments can have their partial repair solutions extended to

the same level of the search tree.
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Table 4.1: Combinatorial auction with a (1,0)-SS.

Items
Bids A B C

BidX 100 0 0
BidY 0 100 0
BidZ 0 0 100

BidX

BidY

BidZ

0

0

1

1

1

2 3

4 5

1

0

0

1.1

3.1

1

0

3.3

0

0

1

1

1

0

5.5
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revenue

Suboptimal revenue

5.6
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Repair search for 
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Master Search Tree

1

0 1
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b>0

b>0

1

0 1

0 1

5.3 5.4
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3.2

3.4
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b>0

Figure 4.2: Flow of control between master search tree and repair searches.
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In this simple example we shall assume that the revenue constraint stipulates

that the minimum tolerable revenue for any solution is 100. There are three bids

and all bids are for non-overlapping sets of items. Therefore, the set of 7 possible

solutions are〈0, 0, 1〉, 〈0, 1, 0〉, 〈1, 0, 0〉, 〈0, 1, 1〉, 〈1, 0, 1〉, 〈1, 1, 0〉 and〈1, 1, 1〉.
It is easy to see that any solution with two or three winning bids is a (1,0)-SS

because a winning-bid withdrawal is reparable without making any other changes

to the solution. However, we are seeking a robust solution with the maximum

possible revenue.

We follow the search for an optimal (1,0)-SS in the master search tree when

BidX is set to 1 (assignment 1). Previously a (1,0)-SS was found with revenue

200 (〈0, 1, 1〉), so we have this as a lower bound on revenue for an optimal SS.The

annotated arrows in Figure 4.2 indicate the chronology of assignments. Following

a valid assignment in the master search tree, control switches to the search for

partial repair solutions for instantiated variables. The repair search forBidX

breaking simulates this bid being withdrawn by assigning its repair value to 0

(assignment 1.1). This does not violate any constraints, sosearch resumes in the

master search tree. WhenBidY is set to 0, (assignment 2), the current lower

revenue bound of 200 cannot be improved upon in the subtree soit is instead

assigned to a value of 1 (assignment 3)†. The repairs forBidX andBidY are

then successfully extended to this level of the search tree (assignments 3.1-3.5).

The search continues successfully until〈1, 1, 1〉 is found, which constitutes an

optimal (1,0)-SS with revenue of 300. It is easy to see that any break in the

optimal solution is reparable.

4.3 The Need for Super Solutions in Combinatorial

Auctions

Chapter 3 presented the bid-taker’s exposure problem that isencountered when

winning bids are withdrawn in CAs. We then saw how super solutions can offer

robustness by restricting the number of required changes toform a repair solution

†We shall explain in later chapters how lower bound on revenuein subtrees is determined
efficiently.
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following a winning-bid withdrawal. The purpose of finding super solutions is

that if the solution is perturbed, another solution that satisfies a minimum revenue

constraint may be found by changing a limited number of othervariables.

We can represent bids as binary variables in our CP model. Winning bids may

be withdrawn so that all bid variables are included in the break set. However, only

those variables whose value is 1 can be withdrawn, so 0 is considered a robust

value that does not fail and, therefore, does not require a repair solution.

A (1,b)-SS allows us to find a solution to a CA such that if any winning bid

is withdrawn, the solution can be repaired by making at mostb other changes to

the allocation. We can limit the maximum number of involuntary withdrawals of

items from winning bidders by the bid-taker tob.

However, finding SSs can be computationally expensive [58] so a pure CP ap-

proach to the WDP that has an exponential search space does notscale very well.

A hybrid approach incorporating OR techniques is required for larger auctions.

Section 4.4 concentrates upon a fixed size of problem (20 items and 100 bids) and

shows how (1,b)-super solutions are achievable for tighter revenue constraints in

auctions with fewer items in each bid. Later, we shall explore the use of opera-

tions research (OR) techniques to aid scalability, but for now we focus upon the

trade-off between robustness and revenue.

4.4 Empirical Analysis of Winning-bid Withdrawal

We performed an empirical study of the inherent trade-offs involved in finding

robust solutions for CAs using the SSs framework. In particular, we examined the

following scenarios:

1. Constraint Satisfaction: findingany(1,b)-super solutions;

2. Constraint Optimization: optimizing revenue when there are many SSs from

which to choose;

3. Constraint Optimization: optimizing reparability when the problem is un-

satisfiable. This approach seeks to maximize the number of possible failures

that are reparable when it is not possible to guarantee that all assignments

can be repaired.
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We used the Combinatorial Auction Test Suite (CATS) [78] to generate sample

auction problems in which there are 20 items for sale and 100 non-dominated

bids† that are represented using 100 binary CSP variables. Any bidsthat share

an item areoverlappingand a constraint between those variables precludes the

success of both bids.

There are a number of ways to accelerate the search for SSs in combinatorial

auctions but we shall initially use a basic model to examine the trade-offs between

robustness and other optimization criteria. For example, polynomial matching

algorithms [22, 75, 99] may be used in auctions whose bids contain very few items,

such as those for airport landing/take-off slots. Another technique is to use a linear

relaxation of the Set Packing Problem (SPP) to give an upper bound on potential

revenue in sub-branches of the search tree. Such additionaltechniques, some of

which are outlined in [33, 54, 115], can aid the scalability of a CP approach. Later,

in Chapter 6, we explore some OR techniques for reducing search effort.

We performed our experiments using the EFC constraint solver [9]. Twenty

instances of each problem were used to generate average results. We used var-

ious bid distribution types that simulate different economically motivated auc-

tion scenarios. In thearbitrary distribution, complementarities may not be as

universal as geographical adjacency, with valuations being normally distributed

again. Bidders view the complementarity of items slightly differently. Recall from

§ 2.3.2 that theregions distribution is modeled on a scenario in which items are

location dependent and complementarity is a function of theproximity of these

items in 2-dimensional space, such as in a spectrum or real-estate auctions, and

valuations are distributed normally. Thescheduling distribution simulates an

auction for time slices on a resource in a distributed job-shop scheduling problem.

The bids for this distribution type tend to contain fewer items, therefore, there

are more possible combinations of successful bids. This increases the difficulty

of finding the optimal winner in the WDP but also increases the likelihood of be-

ing able to find a robust solution because of the increased availability of repair

solutions.

†The CATS flags included intprices with the bidalpha parameter set to 1000.
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4.4.1 Constraint Satisfaction

In these experiments we first solved the WDP optimally using our EFC-based

constraint solver. This could also have been done using an ILP solver such as

ILOG’s CPLEX. We then stipulate a minimum percentage of optimum revenue

that is acceptable and the maximum number of variables that can change,b, when

repairing a SS. We then use the constraint-based solver to search for a satisfactory

super solution. We present the success rate,i.e. the fraction of auctions that have

a (1,b)-SS, in Figure 4.3.

The contours on the horizontal plane of the graphs indicate the gradient of

the surface in the graph. This helps illustrate the rates of fall-off in the running

time and the success rates for the different distributions.It is evident from the

contours in Figure 4.3(c) that thescheduling distribution reaches a very high

success rate withb = 1 and acceptable revenue of at least 90%, see Figure 4.3(c).

Thearbitrary (Figure 4.3(a)) andregions (Figure 4.3(b)) distributions have

lower success rates, thus indicating that it is more difficult to find robust solutions

for these distributions.

The average running times to prove the existence/non-existence of a (1,b)-

super solution are give in Figure 4.4. The contours also helpto illustrate where

the peak running times are encountered for the various distributions. It is evidently

easier to show satisfiability/unsatisfiability of (1,b)-super solutions forarbitrary

andregions auction instances than forscheduling . When the reparability

and revenue constraints are tight, (b is low and minimal revenue is high), it is

easy to detect the non-existence of a SS so running times are reduced. When

constraints are very loose it is also easy to find a SS. However, there is a transi-

tion area where the existence of a SS is unpredictable and therunning times are

high. This peak in running time is most clearly visible in Figure 4.4(c). The run-

ning times are not tightly correlated withb. This is because an increase inb can

serve to make problems trivially satisfiable or alternatively it can make it more

difficult to prove unsatisfiability. For example, in Figure 4.4(b) we can see that

when the revenue constraint is at its most relaxed (80% of optimum) increases in

b lead to reduced running times because it is easy to find SSs. However, when

the revenue constraint is tightened, to say 90% of optimum, there are fewer satis-
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Figure 4.3: Success rate.
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Figure 4.4: Running times.
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fiable instances (see Figure 4.3(b)) so there is more search time required in these

problems because the repair search visits more nodes whenb is increased.

We can also estimate from Figures 4.3 and 4.4 that the hardestsatisfaction

problems for the various distributions occur when the success rate is approxi-

mately 75%.

4.4.2 Constraint Optimization

In reality, a bid-taker who seeks a robust solution desires the optimal robust so-

lution in terms of either robustness or revenue. We may then employ a search

algorithm to find the optimal SS with the appropriate objective function. We use

a branch and bound algorithm that finds SSs and optimizes on either reparability,

in the case of an over-constrained problem, or revenue, whenthere are many SSs

that satisfy the given constraints. This could also be used as an anytime algorithm

that finds the best possible robust solution in a given time-frame. Our analysis

focuses on two forms of optimization:

1. Optimizing Revenue: Intended for use in an under-constrained scenario in

which there are many super solutions. We seek the super-solution with max-

imal revenue.

2. Optimizing Reparability: Intended for use in an over-constrained scenario

in which there are no super-solutions. We seek a solution that contains the

minimum number of irreparable variables. This is the CA allocation that

satisfies the revenue constraint and minimizes the number ofpossible bid

withdrawals that cannot be repaired to satisfy this revenueconstraint.

Optimizing Revenue

If there are many (1,b)-super solutions satisfying the revenue constraints thenit is

desirable to find a revenue-maximizing SS. This is a more difficult problem than

simply findinganySS given a constraint on revenue, as performed in§ 4.4.1.

We have developed a branch and bound algorithm that returns the optimal

super-solution in terms of an objective function. In this case we searched for a

SS whose revenue is maximized whilst the constraints on the revenue for repair
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solutions remains unchanged. An alternative approach may be to maximize the

minimal revenue on the SS and all repair solutions. We do not explore this avenue

because we conjecture that the probability of non-withdrawal is higher than that

of a single withdrawal. Hence, optimization of revenue of the SS is a priority over

that of optimization of repair revenues.

Figures 4.5(a), 4.5(b) and 4.5(c) show clearly that when we permit more vari-

able changes, the expected increase in revenue of the optimal SS increases sig-

nificantly. Notice how optimization is far more computationally expensive than

constraint satisfaction. This can clearly be seen by comparing the running times

in Figure 4.6 with those in Figure 4.4.

We have restricted our analysis of thescheduling distribution to revenue

greater than 90% because the high solution-density, low-revenue constraints cause

the optimization in this uncomplicated constraint model tobecome very computa-

tionally expensive. As the constraint on acceptable revenue for repair solutions is

tightened by raising the minimum revenue for repair solutions, in some cases this

leads to a SS of reduced optimal revenue.

Optimizing Reparability

A scenario may occur where there exists no (1,b)-super solution that satisfies the

minimal revenue criterion. Instead, we may seek a solution that minimizes the

number of irreparable variables in a SS, thus compromising on b whilst satisfying

the revenue constraint. Hebrardet al. [58] developed a (1,b)- SUPER-BRANCH-

AND-BOUND algorithm that will find a solution with a minimal number of ir-

reparable variables if no SS exists for the given value ofb.

Previously, in§ 4.4.1, we learned that finding robust solutions for thearbitrary

andregions bid distributions was less likely. In this section we are examining

those auctions where there is no robust solution. Figure 4.7shows how many

variables in the super-solution cannot provide a repair solution when at mostb

assignments can be changed. This illustrates the severity of irreparability for the

various distributions. Thearbitrary distribution is the least robust distribu-

tion (Figure 4.7(a)), closely followed byregions (Figure 4.7(b)). For example,

when the revenue constraint on an auction with anarbitrary distribution type
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Figure 4.5: Average optimal revenue of satisfiable instances.
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Figure 4.6: Average time to find the SS of maximal revenue.
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Figure 4.7: Maximizing reparability for over-constrainedproblems.
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is tight (≥ 95%) and few changes can be made to the solution (b ≤ 2) then there

are typically 2-3 bids in the auction that will not provide a repair solution given

those constraints on revenue andb. The regions andscheduling auctions

have shorter bids and denser solution spaces so it is easier to find super-solutions

that support such tight constraints.

Figure 4.8 shows the average number of irreparable variables in the extreme

case ofb = 0, for the three auction distributions. Recall that a (1,0)-super solu-

tion remains a valid solution if any single winning bid is withdrawn and no new

winning bids are declared. This is only possible when there are many winning

bids whose value is less than that of the tolerable loss in potential revenue. This

is a very tight constraint that is in fact unsatisfied by any ofthe sample auctions

in our test-set, (see Figure 4.3). However, we can attempt tofind a solution that

minimizes the number of winning bids that do not satisfy thisconstraint, orir-

reparablevariables. Figure 4.8 shows the increase in the minimum number of

such variables as the constraint on minimum revenue is tightened.

There are two principal factors that determine the reparability of an auction al-

location, the number of winning bids and the number of possible repair solutions.

Thearbitrary distribution has fewer winning bids and fewer solutions so its
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reparability degrades rapidly. Theregions andscheduling auctions tend to

have more available repair solutions, therefore, degrade more slowly as the rev-

enue increases. Also, there is a denser solution space for these distributions that

also contributes towards a slower increase in the number of irreparable variables

as the revenue constraint is tightened.

4.5 Required Extensions for Super Solutions

Whilst the SSs framework provides a valuable means for findingrobust solutions,

it is somewhat inflexible in some respects that are importantto real-life applica-

tions. In particular, there are some limitations in the approach when applied to

CAs. There is an underlying assumption that when a repair solution is created,

the incurred cost of changing each variable’s value in the repair set is the same

and the total cost of repair is the cardinality of the repair set. In a real-world

scenario, informing a losing bidder that they have now won because of the with-

drawal/disqualification of a winning bid would typically incur a lower cost than

informing a winning bidder that they have now lost. The auctioneer may have to

break a contract or pay a penalty for such an action. This can be seen as a disad-

vantage of the SSs framework and militates against its deployment. Computing

the cost associated with changing the losing/winning status of any bid is in reality

a more complex issue that may depend on several other factors. Determining the

legality of a repair solution by measuring the cardinality of the repair set may be

overly restrictive in many application domains, besides auctions. Example 4.5.1

illustrates how SSs are an imperfect approach towards establishing robust CA so-

lutions.

Example 4.5.1.Consider an auction whose bids comprise those listed in Table 3.1

on page 44, with each bid considered to be brittle. Also, let the minimum repair

revenue be 180, soγ = 180
200

= 0.9.

We see that〈1, 1, 0〉 is a (1,2)-SS because a single winning-bid withdrawal can

be repaired by modifying the assignment of the two other bid variables. However,

〈0, 0, 1〉 also qualifies as a (1,2)-SS, because if the winning bid fails,the other two

losing bids can be reassigned to winning to form a repair solution. However, this
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solution can be repaired to form a solution with revenue of 200without revoking

any items from winning bidders. It is, therefore, easier to repair this assignment

because changing a variable from 0 to 1 is less costly than thereverse. △

In other application domains such as scheduling, the cost associated with

changing the value of a variable in a solution may depend on its destination value.

Consider a factory scheduling problem where variables represent machines and

values correspond to states. The cost of changing the state of any machine de-

pends on both the source and destination states.

The cost of changing a variable may also depend on the variable(s) that caused

the break. For example, if a particular agent withdraws a bidfrom an auction, the

auctioneer may favor rejection of the agents’ other successful bids rather than dis-

turbing an innocent third party. The cost of a repair solution should, therefore,

depend on the value assigned initially, the destination value and the break. We

argue that changing some variables in a repair solution incurs less cost than oth-

ers, thereby motivating the introduction of a different metric for determining the

legality of repair sets. We justify this approach by using robust solutions to com-

binatorial auctions as an example application domain but other domains may reap

benefits from these extensions.

Hebrardet al. [58] also described how some variables may fail (such as ma-

chines in a job-shop problem) and others may not. If we generalize this approach

so that there is a probability of failure associated with each variable value, we can

then alter the criteria for repair solutions according to the likelihood of potential

breaks. This extension to SSs is motivated by the maintenance of robust solutions

for repeated combinatorial auctions. For example, a business may hold auctions

on a regular basis with the same or a similar set of bidders that may act as suppliers

or customers. These trading partners may have different levels of trustworthiness

and an expressive means of describing sets of assignments that may fail according

to a probabilistic scale offers the possibility of providing repair solutions for sets

of assignments of arbitrary cardinality.
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4.6 Summary

In this chapter we applied the super solutions framework to the problem of find-

ing robust solutions for combinatorial auctions. Super solutions offer a promising

platform for finding robust solutions for such auctions thatcan alleviate the bid-

taker’s exposure problem. We examined the trade-off between solution reparabil-

ity and the minimum revenue constraint and also againstb, the reparability. Our

experimental analysis highlighted a number of interestingpoints that we shall use

to focus our development of an improved framework for solution robustness in

subsequent chapters:

1. Robust solutions for thearbitrary andregions bid distributions are

less likely to exist than forscheduling ;

2. Running times peak when there is approximately a 75% chanceof finding

a robust solution for any distribution;

3. An important positive result is that optimum robust solutions, can attain

high revenue;

4. The search for super solutions is computationally expensive. We shall need

to augment the CP model with OR techniques to improve scalability;

5. The minimum number of irreparable variables, when optimizing robustness,

increases significantly for all distributions when the revenue constraint is

tightened to≥ 90% of optimum.

We also presented some limitations of the approach and proposed some valu-

able extensions to the framework that may improve its flexibility and accuracy.

We shall proceed to extend the framework to accommodate the requirements of

combinatorial auctions.
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Chapter 5

Weighted Super Solutions for

Constraint Programs

In this Chapter we present weighted super solutions which extend the basic frame-

work in two important ways that were motivated by problems encountered in

Chapter 4. The objective is to develop a more expressive framework that can

reflect the risks involved in combinatorial auctions and measure the costs of solu-

tion reparability more accurately.

In the new weighted super solutions (WSSs) framework [64] theset of assign-

ments that may fail is determined using a probabilistic approach enabling us to

find repair solutions for assignments that are most likely tofail. The probabilities

of variables losing their values can be described using either static probabilities

or Weibull probability distribution functions over time. We include a novel met-

ric for reasoning about the cost of repair. These two extensions provide a very

expressive framework for finding robust solutions that describe potential failures

and repair costs in a flexible manner.

This is a versatile framework that can be applied to many application domains.

We have designed the framework in a generic manner that accommodates failure

and repair characteristics beyond what is strictly necessary for combinatorial auc-

tions. To highlight this versatility, we present a pedagogical example using the

N -queens problem where squares on a chessboard can become unavailable after

the initial allocation. We also briefly demonstrate how the WSSs framework may
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be used for job-shop scheduling problems that seek to minimize makespan. How-

ever, as with super solutions, this framework is designed sothat small breaks can

be repaired with small changes. If the probabilities of failure are high and many

changes are anticipated, it may be preferable to adopt an alternative approach such

as one based on Markov Decision Processes.

5.1 Introduction

Solutions arerobustif a repair solution is available should some assignments be-

come invalid (break). Previously in Chapter 4 we saw how asuper solutionto a

constraint program guarantees that if the solution breaks,another solution can be

found by changing a limited number of other assignments [52,59].

The weighted super solutions (WSSs) framework allows us to capture failure

characteristics, such as those that underly metal fatigue,corrosion and abrasion,

which exhibit various probability distribution functions. Accurate failure predic-

tion facilitates contingency planning where it is needed sothat repair solutions

are easily achieved should an assignment fail. This can be described in two dif-

ferent ways: usingstatic probabilities of failure ordynamicfailure rates. The

latter describes the probability of failure over time, suchas in factory scheduling

problems, where machines or components have probabilisticfailure rates.

It is important that repair solutions are available for assignments that are likely

to break within a given time-frame. We incorporate a powerful approach to mod-

eling failures, based on theWeibull distribution[95] from the field of reliability

engineering, to describe the failure rates of assignments in solutions to constraint

programs. Using this distribution we can represent many of the most common

failure distributions such as normal, lognormal and exponential. Having access to

such generality is important for reasoning about robustness in a realistic manner.

It is equally important that we can model the cost of repair. We introduce a

novel metric for repair costs. Once a break in a solution occurs, e.g. a machine

in a factory breaks down, the WSSs framework has a more accurate means of

comparing the costs associated with alternative ways of repairing the solution.

Changing the values of certain variables may incur a heavier cost than others,e.g.
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changing the production schedule on a large production linemay be easier than

on a smaller one.

This chapter will introduce the range of probabilistic failures that can be rep-

resented by the WSSs framework. The framework’s versatilityis highlighted

through simple examples that are unrelated to auctions but serve to illustrate its

usefulness nonetheless. It is left to the Chapter 6 to providean in-depth study of

robustness for CAs using this framework.

5.2 Probabilistic Failure

Breaks in solutions to constraint programs may or may not be time-dependent. For

example, a solution to a CA results in a break that is effectively immediate when

a bidder refuses to pay. Therefore, a constant probability of failure can be associ-

ated with each variable assignment. A factory scheduling problem, however, may

exhibit failure rates over a period of time. We discuss each case in detail below.

Constant probabilities of failure (Static WSS). Hebrardet al. [58] described

how some values in a solution are not subject to change, referred to asrobustval-

ues. In a WSS we propose that assignments have varying degreesof robustness,

in order to differentiate between those that are more or lesslikely to cause failure.

In this manner, repair solutions can be determined for sets of assignments that are

likely to fail, whilst more robust assignments may not require any repair solution

if their probability of failure is less than some threshold.Probabilistic robustness

may be particularly useful in recurring scenarios where historical information per-

taining to the reliability of assignments is available.

Probabilistic rates of failure (Dynamic WSS). The failure rates of compo-

nents of mechanical/electrical or electronic devices are typically defined in terms

of probability distributions over time. In general, the shape or type of failure

distribution depends upon the component’s inherent failure mechanisms.
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5.2.1 The Weibull Distribution

The Weibull distribution is commonly used in the field of reliability engineer-

ing [95]. It can be used to model a variety of distributions including normal, log-

normal, exponential and Rayleigh, which are exhibited in corrosion, diffusion, fa-

tigue, abrasion and many other degradation processes [133]. It is the most widely

used distribution in reliability engineering, thus it is ideal for simulating proba-

bilistic failure rates in WSSs, in order to determine the setsof assignments that

require repairs.

The probability density function of the 2-parameter Weibull distribution is

defined as follows:

f(t) =
γ

η
(
t

η
)
(γ−1)

e(−( t
η
)
γ
) (5.1)

whereγ andη > 0. γ is the shape parameter of the distribution. Ifγ is greater

than 1, the failure rate is increasing; ifγ is less than 1, the failure rate is decreas-

ing; γ = 1 implies the failure rate is constant.η is the scale parameter and is also

known as the characteristic life, where1
η

is defined as the time at which there is a

0.632 probability that failure will have occurred. Figures5.1(a) and 5.1(b) illus-

trate how the various parameters affect the probability andcumulative probability

distributions, respectively.

Thecumulative distribution function(CDF) is the probability of failure before

time t. This is relevant for the scenario in which we are interested, i.e. calculating

which sets of assignments are likely to fail in a given time-frame. The CDF for

the 2-parameter Weibull distribution is as follows:

F (t) = 1− e−( t
η
)γ

, t ≥ 0; γ > 0; η > 0. (5.2)

We use the Weibull distribution to describe the failure rates of assignments

whose probability of failure is time-dependent. When this probability is at least

some threshold,α, at a given time,τ , then it is deemed brittle and requires a

repair solution. Table 5.1 describes the meaning of the different parameters of the

Weibull distribution.
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Figure 5.1: Weibull distributions.

5.2.2 Other Common Distributions

The Weibull distribution can be used to represent any of the following distributions

that are frequently used in failure analysis.

Normal. The normal (or Gaussian) distribution describes equipmentfailure be-

havior whose failure rate increases over time. It also models strengths of materials

and the lifetime of consumables [95]. It is defined by the mean(µ) and standard

deviation (σ). The mean is the expected value of the associated random variable

about which it is symmetric.
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Table 5.1: Parameters of the Weibull distribution.

Mean (µ) The mean of the distribution.
Standard De-
viation (σ)

The square root of the variance that is a measure the dispersion,
of a distribution measured by the second central moment of the
distribution.

Scale parame-
ter (α)

1
α

is defined as the time at which 63.2% of the device popula-
tion will have failed.

Shape Factor
(γ)

The shape of the hazard curve. Whenγ = 1, the curve takes on
an Exponential distribution. (This is the constant failurerate
curve.) Whenβ = 2, the curve takes on a Rayleigh distribution.
(This is the linear failure rate curve.) Whenγ = 3.5, the curve
takes on a Normal distribution (approximately).

Lognormal. Lognormal distributions are encountered in metal-fatiguetesting,

maintainability data (time to repair), chemical-process equipment failures and re-

pairs, crack propagation and other processes whose time to failure has cumulative

contributing factors [95]. The lognormal distribution is similar to the normal dis-

tribution except that the logarithms of the values of randomvariables, rather than

the values themselves, are normally distributed.

Exponential. For some goods the failure rate remains constant over time. This

means that the remaining life of a component is independent of its current age and

a used component is assumed to be as good as a new component. Electronic com-

ponents are a classic example of items that exhibit such failure distributions for

most of their useful lives. When variables in a CSP represent actions rather than

machine states, the distribution may also be seen as time-independent. Such dis-

tributions have a wide range of applications in analyzing the reliability and avail-

ability of electronic systems, various queuing networks, and Markov chains [95].

5.3 The Cost of Repair

The SSs framework guarantees the availability of repair solutions in cases where

up toa variables may break andb other variables are allowed change. This ap-

proach assumes that the cost of changing all variables is thesame and that the
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cardinality of the repair set is a reasonable measure of the total cost of repair. We

propose a new metric for measuring the cost of repairing an assignment. This ex-

tension to the super solutions framework permits differentiation between the cost

of alternative repairs.

5.3.1 Destination and Break Dependencies

The cost of changing an assignment in a solution may have multiple dependencies.

We include the original and final assignments as well as the break variable(s) as

inputs to a function to determine the cost of making a single change. This provides

a more flexible and accurate description of the cost of makingchanges to a solu-

tion. For example, in a job-shop scheduling problem the values associated with

variables may represent the various states of a machine, andthe cost of alternative

state transitions may be different. The cost of a state transition may, furthermore,

be influenced by the cause of the break in the solution.

The repair restrictions presented in [58] may be fully expressed using break

and destination dependent repair costs by using a value of∞ as the cost of making

changes that are disallowed.

Definition 5.3.1(Cost of Repair). The cost of repair describes the cost associated

with changing the value of variablex from v1 to v2 whenA is the set of break

variables,C(x,A)
v1→v2 ∈ R

+
0 .

If at mostk variables participate in any potential break, there are
(

n
k

)

possible

breaks, therefore, the space complexity for storing the repair cost values becomes

O(nk+1d2) when represented extensionally.

5.3.2 Total Cost of Repair

The total cost of repair is computed using a function,f(), that combines the cost of

reassigning the individual variables that are modified to form the repair solution.

Typically, a summation of the repair costs is used to determine the overall cost of

repair. However, computing the maximum of the set of the repair costs could also

be useful, such as in situations where variables are associated with agents and the

imposition of change upon each agent is limited.
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X

Y

Solution with minimal makespan.

X

Y

Repair solution after machine Y breaks down during 

execution of 1st activity.

Figure 5.2: An example JSP.

The algorithm that we propose in this chapter requires thatf() is monotone

non-decreasing in the size of the repair set so that we can terminate the search for

a WSS when an assignment is deemed irreparable. IfR1 andR2 are two repair

sets andR1 ⊂ R2, thenf(R1) ≤ f(R2). This restriction is necessary because it

allows us to cease searching for a repair solution in a branchonce a threshold cost,

β, has been exceeded. Otherwise, the search for repair solutions would require the

computation of a lower bound at each node of the search for a repair. This search

would become prohibitively expensive without this constraint on the cost function.

5.3.3 Motivating Example: Job-shop Scheduling

Consider an example of a job-shop scheduling problem (JSP) inwhich three jobs,

each comprising two activities, need to be scheduled. Each activity requires a

fixed length of time on machinesX andY . An example solution is presented

in Figure 5.2. The arrows indicate precedence constraints between activities. If

MachineY breaks down whilst executing the first activity, there is a period of re-

pair time followed by the execution of a modified schedule so that the interrupted

activity is re-scheduled and other activities are also re-scheduled to maintain the

precedence constraints. The repair solution clearly has a longer makespan, but

another difficulty is that two other activities, besides theone that was interrupted,

must be re-scheduled.
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Robust Solution (against machine Y breaking).
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Y

Repair solution after machine Y breaks down during 

execution of 1st activity.

Figure 5.3: An robust solution for JSP example.

A robust solution (see Figure 5.3) allows a repair solution to be constructed

without imposing a heavy re-scheduling cost in the event of machineY breaking

down. Super solutions only allows us to reason about the number of changes that

are necessary when determining repair costs. In practice, the cost of rescheduling

activities may depend on the assignments that failed, and the source and desti-

nation assignments for the changed variables. For example,reconfiguring some

activities on some machines may require higher labor costs than others. Fixing a

machine that breaks may also consume resources so the cause of the failure may

also affect costs. The WSSs framework allows us to fully express such cost de-

pendencies. Furthermore, the WSSs framework also permits usto seek repairs

for combinations of failures of arbitrary size whose probability of occurrence is

greater than a threshold value.

However, in this JSP example we see that we may have to sacrifice optimal

makespan in favor of robustness. We assume that machineX is robust and no

activity is likely to fail while on this machine. We see that it is possible to delay the

start times of the final activity in machineY so that if the first activity fails on this

machine, a repair solution that reschedules only the failedactivity is achievable.
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5.4 The Weighted Super Solutions Framework

The WSSs framework uses probabilistic failures to determinethe sets of variables

that may break, and repair costs to accurately measure the difficulty in reassign-

ing variables to form a repair solution. We now define bothstatic anddynamic

weighted super solutionsin terms of robustness and cost of repair.

Definition 5.4.1 (Static WSS). A solution to a CSP is a static weighted super

solution, or (α,β)-static WSS, if any set of variables whose probability of their

assignments being subsequently invalidated is at leastα, can be repaired by re-

assigning other values to these and other variables with a repair cost of at most

β.

Probabilistic failure rates can also be used to determine the sets of variables

that require repairs. The only difference between static and dynamic WSSs is in

the selection of assignments for which repairs are necessary. Dynamic-WSS is

applicable when variable assignments have probabilistic failure rates over time,

such as machine states in factory scheduling. We definedynamic weighted super

solutionsas follows:

Definition 5.4.2 (Dynamic WSS). A solution to a CSP is a dynamic WSS, or

(α,β,τ )-dynamic WSS, if any set of variables whose probability of their assign-

ments being subsequently invalidated is at leastα before timeτ , can be repaired

by reassigning other values to these and other variables witha repair cost of at

mostβ.

There is one special case of problem worth mentioning, for which there cannot

exist a WSS. A constraint program that contains abackbone variable, that takes

the samebrittle value in all solutions [87], is necessarily irreparable. Ifthe as-

signed value of this variable is brittle then there does not exist any robust solution

because the failure of this assignment cannot be repaired.

5.4.1 Pedagogical Example:N -Queens

Consider the following pedagogical example of how a WSS may provide solution

robustness in a problem where queens must be placed on a board, such that no
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queen is attacked by any other. In an 8-queens scenario thereare many possible

solutions, four of which are presented in Figure 5.4. We shall assume, for sim-

plicity, that these are the only possible solutions. The repair cost associated with

changing from one solution to the other may differ because the cost of changing

the assignment of any variable varies according to its original value. For example,

reducing a variable’s assigned value may be cheaper than increasing it. Of course,

it is possible to stipulate that a variable cannot be changedin a repair solution by

setting its cost of repair to∞.

In this example each queen’s assignment is brittle and has a static probability

of failure ofα ∈ [0, 1). Only single breaks may occur because the likelihood of a

combination of 2 or more breaks occurring isα2 < α. Variables represent queens,

and domain values of 1 to 8 represent the column on which to place the queen;

therefore, a queen can be placed on any square along a row. We seek a solution

that will accommodate any break by finding a repair solution and limiting the

movement of queens required to generate a repair solution. We let the repair cost

associated with changing the assignment be the difference between the original

and final values. This means that the cost of moving a queenm places along a

row ism, or more formallyC(x,A)
vi→vj = |vi − vj|,∀i, j ∈ {1, . . . , 8}, i 6= j.

Consider the solutions for the 8-queens problem presented inFigure 5.4. The

costs of changing from one solution to another following a break may vary. For

example, given SolutionW it would cost(1 + 1 + 6 + 5 + 0 + 3 + 3 + 1 = 20)

to move to SolutionX. The maximum cost required to move from any one of

the four solutions to another for any break is given in Table 5.2(a). SolutionZ

is the cheapest to repair, by reassigning the queens to the squares in SolutionY .

However, there are three queens that occupy the same squaresin these two solu-

tions, namely a1, b7 and h3. Table 5.2(c) shows how many possible breaks are

reparable by other solutions, thus only five assignments in Solution Z can be re-

paired by SolutionY . If any of these three assignments break, the solution can

instead be repaired by SolutionW at a cost of 18. SolutionZ, thus, constitutes a

(α,18)-WSS.

The total cost of repairing a solution may, alternatively, impose a maximum

change for any single variable assignment rather than a bound on the summation of

individual costs. This alternative costing is achieved by setting the cost function,
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80ZqZ0Z0Z
7Z0Z0l0Z0
60l0Z0Z0Z
5Z0Z0Z0Zq
4qZ0Z0Z0Z
3Z0Z0Z0l0
20Z0l0Z0Z
1Z0Z0ZqZ0

a b c d e f g h

(a) Solution W.

80l0Z0Z0Z
7Z0Z0ZqZ0
60Z0Z0Z0l
5Z0l0Z0Z0
4qZ0Z0Z0Z
3Z0ZqZ0Z0
20Z0Z0ZqZ
1Z0Z0l0Z0

a b c d e f g h

(b) Solution X.

80Z0l0Z0Z
7ZqZ0Z0Z0
60Z0Z0ZqZ
5Z0l0Z0Z0
40Z0Z0l0Z
3Z0Z0Z0Zq
20Z0ZqZ0Z
1l0Z0Z0Z0

a b c d e f g h

(c) Solution Y.

80Z0ZqZ0Z
7ZqZ0Z0Z0
60Z0l0Z0Z
5Z0Z0Z0l0
40ZqZ0Z0Z
3Z0Z0Z0Zq
20Z0Z0l0Z
1l0Z0Z0Z0

a b c d e f g h

(d) Solution Z.

Figure 5.4: Four possible solutions to the 8-Queens problem.

Table 5.2: 8-Queens solution transition matrices.

(a) Total cost of repair.

W X Y Z

W - 20 26 18
X 20 - 22 26
Y 26 22 - 12
Z 18 26 12 -

(b) Max individual repair cost
for any single variable.

W X Y Z

W - 6 5 5
X 6 - 5 4
Y 5 5 - 4
Z 5 4 4 -

(c) Number of breaks re-
paired.

W X Y Z

W - 7 8 8
X 7 - 7 8
Y 8 7 - 5
Z 8 8 5 -
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f(), as described in§ 5.3.2, to be themax operator. Table 5.2(b) shows the cost

of repairing solutions under this condition.

5.4.2 WSS Algorithm Description

The WSSs framework requires several modifications to the algorithms used to

find classical SSs [58, 59], to support repair solutions forsets of break variables

of different size and repair sets ofarbitrary cardinality. WEIGHTED-SUPER-

SOLVE (Algorithm 3) can be used to find both static and dynamic WSSs. When

τ is not defined, denoted∅, the algorithm detects that a static WSS is required

in the failure procedure and determines an assignment’s probability of fail-

ure using probabilities,α(x,v), otherwise Weibull parametersγ(x,v) andη(x,v) are

used to compute the probability of failure by timeτ . Any combination of assign-

ments whose probability of failure is at leastα requires a repair. We examine all

combinations of assignments whose size is at mostk, the largest possible break.

Algorithm 3 : WEIGHTED-SUPER-SOLVE

input : α, β, τ , RepairCosts:C, CSP:P={X ,D, C} // Let τ = ∅ for
static-WSS

output: S: an (α,β,τ )-WSS:R: the set of repair solutions
begin

S ← ∅ // Solution
R← ∅ // Set of repair solutions
Past← ∅ // Ordered set of assigned variables
AC(P, S) // Perform arc-consistency
backtrack(P ,S,Past,R,0,α,β,τ ,0)

end

A repair solution,Rb, is provided for every possible set of break variables

b. The backtrack procedure is called from WEIGHTED-SUPER-SOLVE and

attempts to extend the current partial assignment by choosing a variable and as-

signing it a value. Backtracking may occur for one of two reasons: we cannot

extend the current partial assignment to satisfy the given constraints, or it cannot

be associated with a repair solution whose cost is less than or equal toβ for a

possible break.
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Procedure backtrack( P ,S,Past,R,lvl,α,β,τ ,m) :Boolean

begin
if X = Past then return true
choosex ∈ X \ Past
b← ∅ // set of break variables
Past[lvl]← x
foreachv ∈ D(x) do

saveD, m andR
m← max(m, failure({x}, S, τ))
k ← ⌊logm α⌋ // Max size of any break
S ← S ∪ {(x, v)}
if AC(P ,S) then

foreach b ∈ P(Past), | b |≤ k, failure(b, S, τ) ≥ α do
if ¬reparable(P ,S,Past,Rb,0,β) then break
if backtrack(P ,S,Past,R,lvl + 1,α,β,τ ,m) then return true

restoreD, m andR
S ← S \ (x, v)

Past[lvl]← ∅
return false

end

The procedurereparable searches forpartial repair solutions using back-

tracking and attempts to extend the last repair found, just as in (1,b)-super solu-

tions; the differences being that a repair is provided for a set of break variables

rather than a single variable and the cost of repair is considered.

The procedurecheck-wss-repair determines the cost of the transition to

the repair solution and verifies consistency. A summation operator is used to de-

termine the overall cost of repair in this case, but this may be any other monotone,

non-decreasing function. Note that summation is non-decreasing because all costs

are non-negative. This procedure can also include auxiliary break and repair re-

strictions described in [58], if required.

Theorem 5.4.1.WEIGHTED-SUPER-SOLVE terminates and is sound and com-

plete.

Proof.

Termination: The algorithm never revisits any partial assignment or repair for a
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Procedure reparable( P ,S,Past,Rb,lvl,β) :Boolean

begin
if lvl = |S| then return true
y ← Past[lvl]
for v ← Rb[y] to maxinitD(y) // Last value in lex order
do

if y /∈ b or S[y] 6= v then Rb[y]← v
if check-wss-repair(P ,S,Past,Rb,lvl,β) then

if reparable(P ,S,Past,Rb,lvl + 1,β) then return true

Rb[y]← min(D(y))
return false

end

Procedure check-wss-repair( P ,S,Past,Rb,lvl,β) : Boolean

begin
cost← 0
for i← 0 to lvl do

y ← Past[i]
if y /∈ b andRb[y] 6= S[y] then

cost← cost + C(x, S[y], Rb[y])

if cost > β then return false
return consistency of thel first values inRb

end

given break set, of which there are finitely many.

Soundness:∀b ∈ P(Past), Rb is the first repair solution ofS, when taken in

lexicographical order, forb in the problem restricted toPast.

Completeness:MAC [114] is complete, therefore, no partial assignment is omit-

ted before checking for reparability.† The check for reparability starts from the

last repair found. The cost of repair function is monotone, non-decreasing so no

assignment before this last repair in the search tree can be extended to the current

variable because each prior partial assignment had a minimum cost of repair that

exceededβ. �

We also show that finding a WSS isNP-complete in general for any fixedα

†Note that it is possible to implement the algorithm using anycomplete consistency propagator.
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Procedure failure( b, S, τ ) : Real
begin

fail← 1.0
for x ∈ b do

v ← S[x]
if τ = ∅ then fail← fail × α(x,v) // Static WSS
elsefail← fail× CDF(η(x,v),γ(x,v),τ ) // Dynamic WSS

returnfail
end

(andτ for the case of dynamic WSSs). We define two decision problems:(α,β)-

STATIC WEIGHTED SUPERSOLUBILITY and (α,β,τ )-DYNAMIC WEIGHTED SU-

PERSOLUBILITY as the problems of deciding whether there exists an (α,β)-static

WSS or an (α,β,τ )-dynamic WSS to a problem, respectively.

Lemma 5.4.1.Letm = max (
⋃

(x,v)∈s α(x,v)), whereα(x,v) is the constant proba-

bility of failure associated with the assignment of valuev to variablex for static-

WSS and the probability of failure at timeτ in the dynamic case. If⌊logm α⌋ is

bounded by a constantk, the number of possible breaks requiring repair solutions

is polynomial ink.

Proof. For each solutionS there must be a repair solution for each subsets ∈
P(S), the power-set ofS, whose probability of failure is greater than or equal to

α, i.e.
∏

(x,v)∈s α(x,v) ≥ α. But α(x,v) ≤ m, so we can say that:

∏

(x,v)∈s

α(x,v) ≤ m|s|.

If s requires a repair we have

α ≤ m|s| ∴ log α ≤ | s | · log m.

Sincelog α andlog m are both negative:

log α

log m
≥ | s | ∴ logm α ≥ | s |.

Since⌊logm α⌋ ≤ k and| s | ∈ Z, k ≥ | s |.
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The size of the largest possible break needing consideration for repair is≤ k,

therefore, at most
(

n
k

)

repair solutions are necessary, wheren is the number of

variables. �

Theorem 5.4.2. (α,β)-STATIC WEIGHTED SUPER SOLUBILITY and (α,β,τ )-

DYNAMIC WEIGHTED SUPERSOLUBILITY areNP-complete when⌊logmax(α(x,v))
α⌋

is bounded by a constantk.

Proof.

Hardness:To show they are inNP we need a polynomial witness. This is simply

an assignment of the variables that satisfies the constraints in the problem and, for

each of theO(nk) possible breaks, the set of repair values. This is polynomial for

fixedk from Lemma 5.4.1.

Completeness:We present a reduction from binary CSP. Duplicates of each value

in the domain of all variables are created. Constraints are added to behave equiv-

alently on the duplicate (primed) values. Additional constraints are added to en-

force that a solution can involve only either primed or duplicate values. This

problem is satisfiableiff the original problem is also satisfiable. If a solution does

exist, a WSS does also because any set ofk values may be primed to form a repair

solution. �

Whilst an upper bound onα is fixed, there is no such constraint onβ. If α is

unbounded, then (α,β)-STATIC and (α,β,τ )-DYNAMIC WEIGHTED SUPERSOL-

UBILITY are in PSPACE. Note that in Procedurebacktrack , we determined the

size of the largest possible break to bek.

5.4.3 Optimizing Robustness

It may not always be possible to find a robust solution for given values ofα, β and

τ . In such situations the problem constraints may be relaxed in several ways so

that different trade-off scenarios are considered. A branch and bound search can

trivially incorporate optimization over any one of these parameters in the search

tree.

1. Minimizeα: This effectively decreasesα so that we find a WSS that repairs

as many combinations of the most brittle assignments as possible.
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Figure 5.5: Machine failure rates.

2. Minimize β: This places as small a bound as possible on repair costs for

any potential break.

3. Maximizeτ (Dynamic-WSS only): The solution is reparable for as long as

possible, thus maximizing the mean time to irreparable failure.

The non-existence of a robust solution need not preclude theuse of the WSSs

framework and optimization of robustness may provide a valuable alternative ap-

proach. Previously in Chapter 4, we studied optimization of robustness for CAs

when instances were unsatisfiable.

5.5 Application: Job-shop Scheduling

We applied the WSSs framework to job-shop scheduling problems (JSPs) to demon-

strate its versatility. JSPs consist of scheduling tasks onmachines whose reliabil-

ity may be time dependent. We modeled failure probabilitiesof these machines

using Weibull probability distributions and repair costs differed for all machines.

Each problem consisted of 3 machines and 4 jobs, each comprising a sequence

of 3 activities. Each activity required each machine for a duration chosen over a

uniform random distribution [1,5]. The objective was to schedule all activities

so that the precedence and resource constraints amongst activities were respected

whilst minimizing the overall makespan.
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In these experiments machinesM1 −M3 exhibited different failure rates and

we assumed Weibull distributions withγ as 1.0, 1.5 and 2.0, respectively, and a

random repair period from [1,5] on each machine following a failure. The CDF in

Figure 5.5(b) describes the likelihood of each machine failing by timeτ . We let

the characteristic lifeη = 100 so that each machine had a probability of failure of

0.632 by this time. We modeled the activities as variables, whose domain values

represented start-times. The duration of each activity allowed us to determine the

end-time for each activity on each machine given the start-time. We could, there-

fore, assign a static probability of failure using the difference in the CDF on the

relevant machine between these two times. The brittleness of a variable (activity

on a particular machine), therefore, depended upon its assigned value (start-time).

Our solver used a dynamic, minimum-degree heuristic over the variables and val-

ues were chosen in lexicographical order.

We assumed that the cost of repairing a solution was machine dependent.

Given a break in a solution, the costs of changing an activityon M1 −M3, were

25, 50 and 75, respectively. Rescheduling activities on different machines may

vary because of calibration/setup/labor costs, etc. We examined the trade-off be-

tween robustness and makespan for 50 randomly generated instances. Problems

had 12 variables, with domain sizes containing approximately 15-20 values. The

last value in the domain was an upper bound on the latest start-time required for

that activity. A solution was found by bounding the makespanto an initial lower

bound. If a solution was not found, this makespan was incremented by one and

the problem was resolved. This process was repeated until a valid solution was

found.

Tables 5.3(a)-5.3(d) show how the minimal makespan, numberof nodes vis-

ited in the search tree and breaks checked for reparability vary with α andβ. It

is noticeable that the optimal makespan decreases asβ increases and is more pro-

nounced whenβ > 200. Whenβ is low, reparability is inhibited because fewer

repair solutions can be considered, so the makespan increases. It is also clear that

asα decreases there is a larger number of activities that require repair solutions

so the makespan increases as some repair solutions require later start-times.

Finding a WSS can become computationally expensive whenα is low, increas-

ing the number of combinations of breaks needing consideration. For example,
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Table 5.3: Results (4x3 JSP).

(a) α = 0.01

β mksp nodes×1000 breaks

0 18.82 67,624 303,848
50 18.92 638,739 743,005
100 19.26 533,368 298,325
150 18.88 500,723 234,598
200 18.32 383,725 136,273
250 18.42 577,310 159,820
300 18.20 449,798 227,233
350 18.48 821,485 174,816
400 17.84 525,212 209,574

(b) α = 0.02

β mksp nodes×1000 breaks

0 18.28 15,878 53,369
50 18.32 354,186 128,888
100 18.32 290,072 78,951
150 18.28 412,006 105,511
200 18.12 415,698 74,169
250 17.32 243,148 45,748
300 17.80 360,334 53,963
350 17.50 281,017 60,642
400 16.98 421,379 63,510

(c) α = 0.03

β mksp nodes×1000 breaks

0 18.40 18,915 41,493
50 17.68 33,864 10,959
100 17.80 175,650 40,622
150 18.24 182,240 38,803
200 17.74 193,117 24,728
250 18.18 257,233 73,544
300 17.68 290,801 52,235
350 17.70 370,700 44,384
400 18.16 318,035 59,601

(d) α = 0.04

β mksp nodes×1000 breaks

0 16.96 3,748 5,329
50 16.98 6,005 1,159
100 17.06 473 163
150 17.14 1,517 362
200 17.08 10,853 1,126
250 16.84 3,445 639
300 16.20 66,100 6,260
350 15.96 249 33
400 15.82 8,158 1,123

from Tables 5.3(a)-5.3(d) we can see how the number of nodes in the search tree

can grow exponentially. As the number of possible breaks decreases, the number

of concurrent searches for separate repair solutions also decreases. The search-

effort is greatly reduced whenα = 0.04 (Table 5.3(d)) because fewer assignments

require repair solutions. Whenα was increased to 0.05, only a negligible number

of assignments were deemed irreparable.

The number of nodes visited and breaks checked are not tightly correlated

with β for the following reason. Whenβ is low, searches for repair solutions may

fail quickly, whereas when it is high, the repair searches visit more nodes but the

success rate increases thereby leading to initial solutions more quickly. These two

effects counteract one another asβ increases.

Tables 5.3(a)-5.3(d) also show the number of breaks checkedfor reparability

before we extend the search tree (column breaks). This corresponds to the num-

ber of calls made to thereparable procedure. From these results it is clearly

important that repair solutions are not sought for assignments that are robust in

order to minimize the computational burden. This is why probabilistic failures
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in the WSSs framework are critical in subtly differentiatingbetween assignments

that are brittle and those that are robust.

5.6 Summary

The weighted super solutions (WSS) framework extends the classical super solu-

tions framework [59] in two important ways: firstly, it can model the most likely

causes of failure in a solution and secondly, it can reason about the costs of alter-

native repair solutions.

The framework provides an expressive means of establishingrobust solutions

when variable assignments are invalidated for some reason.This framework is

both versatile and practical in many application domains, such as scheduling [64],

where reasoning about uncertainty and the cost of repair is important. We demon-

strated its applicability for job-shop scheduling problems. The purpose of de-

veloping this new framework was to accommodate uncertaintyin combinatorial

auctions more flexibly and facilitate a more expressive means of measuring the

cost of repairing solutions. The WSSs framework is powerful enough to cater for

such an auction mechanism as we shall show in the following chapter.

The following chapter will provide an in-depth analysis of solution robustness

for combinatorial auctions and examine the benefits/opportunities it can provide

for the bid-taker. We shall utilize the extensions developed in the WSSs frame-

work to full effect by developing an auction mechanism that enhances reparabil-

ity using probabilistic bid withdrawals and bid-dependentrepair costs to facilitate

backtracking upon assignments of items. We also describe some ancillary, yet

highly significant, features of robust solutions generatedby the WSSs framework

that provide added value to bid-takers.
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Chapter 6

Weighted Super Solutions for

Combinatorial Auctions

Thus far, we have studied the bid-taker’s exposure problem and demonstrated

the significance of the problem caused by winning-bid withdrawal. We explored

achieving solution robustness using the SSs framework and described its short-

comings in terms of its application to combinatorial auctions. We then proposed

a probabilistic framework with a more flexible means of determining reparability

requirements and a metric for expressing repair costs more flexibly. The WSSs

framework was the culmination of these extensions to the classical SSs frame-

work and we shall now demonstrate the clear advantages of using this approach

for finding robust solutions for CAs.

Firstly, we apply the WSSs framework to combinatorial auctions and demon-

strate its usefulness in different economically motivatedsettings. We also propose

an auction model that enhances reparability by introducingmandatorymutual bid

bonds, that may be seen as a form of leveled commitment contract [116, 117]. We

present an extensive empirical evaluation of the approach presented in this chapter

with very encouraging results.
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6.1 Combinatorial Auctions and the WSSs Frame-

work

In the following section we describe how the WSSs framework can be applied to

combinatorial auctions. We also provide an in-depth example to show how the

search for a robust solution to a CA is conducted. Definition 6.1.1 outlines more

precisely the requirements for a robust solution in the context of a WSS.

Definition 6.1.1(Robust Solution for a CA). A robust solution for a combinatorial

auction is one where any subset of successful bids whose probability of withdrawal

is at leastα can be repaired by reassigning items at a cost of at mostβ to other

previously losing bids, in order to form a repair solution whose revenue is at least

a fraction,γ, of optimal revenue.

We also define a restricted form of robust solution that can withstand a single

bid withdrawal only.

Definition 6.1.2 (1-robust Solution for a CA). A 1-robust solution for a combi-

natorial auction is one where anysinglebid whose probability of withdrawal is

at leastα can be repaired by reassigning items at a cost of at mostβ to other

previously losing bids, in order to form a repair solution whose revenue is at least

a fraction,γ, of optimal revenue.

6.1.1 Probabilistic Failure

The choice of failure model is relatively straightforward for CAs. We are assum-

ing an expedient transaction process whereby payment is immediate following an

auction and the time lapse is negligible between the announcement of the solution

and the break in the solution. The probabilities of failure are, therefore, time-

independent so a static-WSS approach (Definition 5.4.1) is appropriate for CAs.

A dynamic-WSS is applicable for cases in which assignments have failure rates

over time. Recall that, in the case where the transaction process is not quickly

completed and bid withdrawals are time-dependent, the value of the items to bid-

ders may change by the time of the withdrawal. For this reasonit is unreasonable

to assume that the losing bids still stand, and another auction may be necessary.
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There is a probability of failure associated with each winning bid and sets of

winning bids whose probability of failure is greater than orequal to a threshold

value,α, require repair solutions.

6.1.2 Repair Costs for Combinatorial Auctions

The WSSs framework considers thecost of repair required, rather than simply

the number of assignments modified, to form an alternative solution. For CAs

this may be a measure of the compensation penalties paid to winning bidders to

break existing agreements. WSSs offer a means of expressing which variable’s

re-assignments incur a heavy cost and those that are are easily implemented [64].

For example, consider an auction with rules which stipulatethat a reneging bidder

may have items from other non-withdrawn winning bids disqualified. A WSS

could model this situation by setting the repair cost for winning bids by a reneging

bidder to be zero, thus facilitating withdrawal of bids froman unreliable bidder at

no extra charge.

It may be desirable to reassign items to different bidders inorder to find a

repair solution of satisfactory revenue. Compensation may have to be paid to

bidders who lose items during the formation of a repair solution. The repair cost

of a bid reflects the cost of changing its state. For winning bids this may reflect the

necessary compensation penalty for the bid-taker to break the agreement (if such

breaches are permitted), whereas for previously losing bids this is a free operation.

The total amount of compensation payable to bidders may depend upon other

factors, such as the cause of the break. There is a limit to howmuch these overall

repair costs should be, and this is given by the valueβ. This value may not be

known in advance and may depend upon the break. Therefore,β may be viewed

as the fund used to compensate winning bidders for the unilateral withdrawal of

their bids by the bid-taker.

For example, a (0.1,100)-WSS allows any set of bids whose probability of

withdrawal is at least 0.1 to be repaired with changes to the original robust solution

at a cost of at most 100. This cost stems from compensation payments that need

to be paid to bidders that were declared as winners but had those items revoked

when the items were reallocated in a repair solution following a bid withdrawal

100



by another party.

6.1.3 WSS Search for Combinatorial Auctions

The depth-first search for a WSS (see Algorithm 3) maintains arc-consistency [114]

at each node of the tree. Recall that as search progresses, thereparability of each

previous assignment is verified at each node by extending a partial repair solution

to the same depth as the current partial solution. This may bethought of as main-

taining concurrent search trees for repairs. A repair solution is provided for every

possible set of winning-bid withdrawals.

The WEIGHTED-SUPER-SOLVE algorithm attempts to extend the current par-

tial assignment by choosing a variable and assigning it a value. For CAs with

binary variables representing bids, 1 signifies a winning bid and 0 signifies losing.

Clearly, repair solutions are only required for winning bidsso repairs are only

sought for winning bids.

Backtracking may occur for one of two reasons. Firstly, the branch and bound

search cannot extend the assignment to attain a solution that satisfies the lower

bound on revenue. Alternatively, the current partial assignment cannot be associ-

ated with a repair solution whose cost of repair is less thanβ should a break occur.

We now step through an example of finding a WSS for a CA to illustrate how the

algorithm works.

Example 6.1.1.We shall step through the example given in Table 3.1 (page 44)

when searching for a WSS. Each bid is represented by a single variable with do-

main values of 0 and 1, the former representing bid-failure and the latter bid-

success. The probability of failure of the variables is 0.1 when they are assigned

to 1 and 0.0 otherwise. The problem is initially solved using an ILP solver such

as lp_solve [11] or CPLEX[66], and the optimal revenue is found to be 200.

A fixed percentage of this revenue can be used as a threshold value for a robust

solution and its repairs. The bid-taker wishes to have a robust solution so that

if a single winning bid is withdrawn, a repair solution can be formed without

withdrawing items from any other winning bidder. This example may be seen as

searching for a (0.1,0)-weighted super solution,β is 0 because no funds are avail-
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Figure 6.1: Search tree for a WSS without item withdrawal.

able to compensate the withdrawal of items from winning bidders. The bid-taker

is willing to compromise on revenue, but only by 5%, say, of theoptimal value.

Bids 1 and 3 cannot both succeed, since they both require itemA, so a con-

straint is added precluding the assignment in which both variables take the value

1. Similarly, bids 2 and 3 cannot both win so another constraint is added be-

tween these two variables. Therefore, in this example the set of CSP variables is

V = {x1, x2, x3}, whose domains are all{0, 1}. The constraints arex1 + x3 ≤ 1,

x2 +x3 ≤ 1 and
∑

xi∈V vixi ≥ 190, wherevi reflects the relevant bid-amounts for

the respective bid variables. In order to find a robust solution of optimal revenue

we seek to maximize the sum of these amounts,max
∑

xi∈V vixi.

When all variables are set to 0 (see Figure 6.1(a) branch 3), this is not a so-

lution because the minimum revenue of 190 has not been met, sowe try assigning

bid 3 to 1 (branch 4). This is a valid solution but this variable is brittle because

there is a 10% chance that this bid may be withdrawn (see Table 3.1). Therefore,

we need to determine if a repair can be formed should it break. The search for

a repair begins at the first node, see Figure 6.1(b). Notice that value 1 has been
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removed from bid 3 because this search tree is simulating thewithdrawal of this

bid. When bid 1 is set to 0 (branch 4.1), the maximum revenue solution in the re-

maining subtree has revenue of only 100, therefore, search is discontinued at that

node of the tree. Bid 1 and bid 2 are both assigned to 1 (branches 4.2 and 4.4)

and the total cost of both these changes is still 0 because no compensation needs

to be paid for bids that change from losing to winning. With bid3 now losing

(branch 4.5), this gives a repair solution of 200. Hence〈0, 0, 1〉 is reparable and,

therefore, a WSS. We continue our search in Figure 6.1(a) however, because we

are seeking a robust solution ofoptimalrevenue.

When bid 1 is assigned to 1 (branch 6) we seek a partial repair for this variable

breaking (branch 5 is not considered since it offers insufficient revenue). The

repair search sets bid 1 to 0 in a separate search tree, (not shown), and control

is returned to the search for a WSS. Bid 2 is set to 0 (branch 7),but this solution

would not produce sufficient revenue so bid 2 is then set to 1 (branch 8). We then

attempt to extend the repair for bid 1 (not shown). This fails because the repair for

bid 1 cannot assign bid 2 to 0 because the cost of repairing such an assignment

would be∞, given that the auction rules do not permit the withdrawal of items

from winning bids. A repair for bid 1 breaking is, therefore, not possible because

items have already been awarded to bid 2. A repair solution withbid 2 assigned to

1 does not produce sufficient revenue when bid 1 is assigned to 0. The inability to

withdraw items from winning bids implies that〈1, 1, 0〉 is an irreparable solution

when the minimum tolerable revenue is greater than 100. The italicized comments

and dashed line in Figure 6.1(a) illustrate the search path for a WSS if both of

these bids were deemed reparable. △

§ 6.2 introduces an alternative auction model that allows thebid-taker to re-

ceive compensation for breaks and, in turn, use this paymentto compensate other

bidders for withdrawal of items from winning bids. This willenable the reallo-

cation of items and permit the establishment of〈1, 1, 0〉 as a second WSS for this

example.
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6.2 Mutual Bid Bonds: A Backtracking Mechanism

Some auction solutions are inherently brittle and it may be impossible to find

a robust solution. If we can alter the rules of an auction so that the bid-taker

can retract items from winning bidders, then the reparability of solutions to such

auctions may be improved. In this section we propose an auction model that

permits bid and item withdrawal by the bidders and bid-taker, respectively.

6.2.1 Proposed Model and Justification

We propose a model that incorporatesmutual bid bondsto enable solution repara-

bility for the bid-taker, a form of insurance against the winner’s curse for the bid-

der whilst also compensating bidders in the case of item withdrawal from winning

bids. Motivated by work on leveled commitment contracts [117], we propose that

such “winner’s curse and bid-taker’s exposure” insurance comprise a fixed per-

centage,κ ∈ (0, 100], of the bid amount for all bids. Money is held in escrow so

that the bid-taker may be compensated for any withdrawals bya bidder, and like-

wise, winning bidders may be compensated for item revocation by the bid-taker.

Such mutual bid bonds are mandatory for each bid in our model†. The condi-

tions attached to the bid bonds are that the bid-taker be allowed to annul winning

bids (item withdrawal) when repairing breaks elsewhere in the solution. In the

interests of fairness, compensation is paid to bidders fromwhom items are with-

drawn and is equivalent to the penalty that would have been imposed on the bidder

should he have withdrawn the bid.

Combinatorial auctions impose a heavy computational burdenon the bidder

so it is important that the hedging of risk should be a simple and transparent oper-

ation for the bidder so as not to further increase this burdenunnecessarily. We also

contend that it is imperative that the bidder knows the potential penalty for with-

drawal in advance of bid submission. This information is essential for bidders

when determining how aggressive they should be in their bidding strategy. Bid

†Making the insurance optional may be beneficial in some instances. If a bidder does not agree
to the insurance, it may be inferred that he may have accurately determined the valuation for the
items and, therefore, less likely to fall victim to the winner’s curse. The probability of such a bid
being withdrawn may be less, so a repair solution may be deemed unnecessary for this bid. On the
other hand, it decreases the reparability of solutions.
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bonds are commonplace in procurement for construction projects. Usually they

are mandatory for all bids, are a fixed percentage,κ, of the bid amount and are

unidirectional in that item withdrawal by the bid-taker is not permitted. Mutual

bid bonds may be seen as a form of leveled commitment contractin which both

parties may break the contract for the same fixed penalty. Such contracts permit

unilateral decommitment for pre-specified penalties. Sandholmet al. showed that

this can increase the expected payoffs of all parties and enables deals that would

be impossible under full commitment [116, 118, 120].

In practice a bid bond typically ranges between 5 and 20% of the bid amount [67,

98]. If the decommitment penalties are the same for both parties in all bids,κ does

not influence the reparability of a given set of bids. It merely influences the levels

of penalties and compensation transacted by agents. Low values ofκ incur low

winning-bid withdrawal penalties and simulate a dictatorial bid-taker who does

not adequately compensate bidders for item withdrawal. Andersson and Sand-

holm [3] found that myopic agents reach a higher social welfare quicker if they

act selfishly rather than cooperatively when penalties in leveled commitment con-

tracts are low. Increased levels of bid withdrawal are likely when the penalties are

low also.

High values ofκ tend towards full-commitment and reduce the advantages of

such “winner’s curse & bid-taker’s exposure” insurance. The penalties paid are

used to fund a reassignment of items to form a repair solutionof sufficient revenue

by compensating previously successful bidders for withdrawal of the items from

them.

6.2.2 Example with backtracking

We shall now step through the previous example assuming thatthere are mutual

bid bond agreements between all bidders and the bid-taker.

Example 6.2.1.Consider the example given in Table 3.1 (page 44) once more,

where the bids also comprise a mutual bid bond of 5% of the bid amount. If

a bid is withdrawn, the bidder forfeits this amount and the bid-taker can then

compensate winning bidders whose items are withdrawn when tryingto form a
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Figure 6.2: Repair search tree for breaks 1 and 2,κ = 0.05.

repair solution later. The search for repair solutions for breaks to bid 1 and bid 2

appear in Figures 6.2(a) and 6.2(b), respectively†.

When bid 1 breaks, there is a compensation penalty paid to thebid-taker equal

to 5 that can be used to fund a reassignment of the items. We, therefore, set

β to 5 and this becomes the maximum expenditure allowed to withdraw items

from winning bidders.β may also be viewed as the size of the fund available to

facilitate backtracking by the bid-taker. When we extend thepartial repair for bid

1 so that bid 2 loses an item (branch 8.1), the overall cost of repair increases to

5, due to this item withdrawal by the bid-taker, and is just within the limit given

by β. In Figure 6.1(a) the search path follows the dashed line and sets bid 3 to

be 0 (branch 9). The repair solutions for bids 1 and 2 can be extended further by

assigning bid 3 to 1 (branches 9.2 and 9.4). Therefore,〈1, 1, 0〉may be considered

†The actual implementation of WEIGHTED-SUPER-SOLVE checks previous solutions to see
if they can repair breaks before searching for a new repair solution. 〈0, 0, 1〉 is a solution that
has already been found so the search for a repair in this example is not strictly necessary but is
described for pedagogical reasons.
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a robust solution. Recall, that previously this was not the case. △

Using mutual bid bonds thus increases reparability and allows a robust solu-

tion of revenue 200 as opposed to 190, as was previously the case.

6.3 Experiments

We have used the Combinatorial Auction Test Suite (CATS) [78] to generate sam-

ple auction data. We generated 100 instances of problems in which there are 20

items for sale and 100-2000 bids that may be dominated in someinstances†. Such

dominated bids can participate in repair solutions although they do not feature in

optimal solutions. CATS uses economically motivated bidding patterns to gener-

ate auction data in various scenarios. We use sensitivity analysis to examine the

brittleness of optimal solutions and hence determine the types of auctions most

likely to benefit from a robust solution. We then establish robust solutions for

CAs using the WSSs framework.

6.3.1 Sensitivity Analysis for the WDP

We previously used sensitivity analysis (see§ 3.1.4) to determine the effects of a

single winning-bid withdrawal on optimal solutions to combinatorial auctions.

The following four distributions were examined: airport take-off/landing slots

(matching ), electronic components (arbitrary ), property/spectrum-rights

(regions ) and transportation (paths ). This analysis proved that the “bid-

taker’s exposure problem” poses a significant danger to riskaverse auctioneers.

The sensitivity of optimal solutions may also be used as a baseline against which

robust solutions may be measured. If the expected utility ofthe optimal solution

is greater than that of the optimal WSS, then the optimal solution may be selected

as the winner. These results are repeated here in Figure 6.3 for ease of comparison

with the WSS results.

In this chapter we focus upon theregions (Figure 6.3(c)) andarbitrary

(Figure 6.3(d)) distributions because the sensitivity analysis indicated that these

†The CATS flags included intprices with the bidalpha parameter set to 1000.
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Figure 6.3: Sensitivity of bid distributions to single winning-bid withdrawal.

types of auctions produce optimal solutions that tend to be most brittle and, there-

fore, stand to benefit most from solution robustness. We ignore the auctions with

2000 bids because the sensitivity analysis has indicated that these auctions are

inherently robust with a very low average drop in revenue following a winning-

bid withdrawal. They would also be very computationally expensive, given the

extra complexity of finding robust solutions. The search forrobust solutions ex-

hibits decreasing relative returns for increased search effort as the auction size

increases. Robust solutions are, therefore, more applicable to smaller auctions.

6.3.2 Hybrid CP Model for Combinatorial Auctions

A pure CP approach needs to be augmented with global constraints that incorpo-

rate operations research techniques to increase pruning sufficiently so that thou-

sands of bids may be examined. Global constraints exploit special-purpose fil-
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tering algorithms to improve performance [107]. There are anumber of ways to

speed up the search for a WSS in a CA, although this is not the mainfocus of our

work. Polynomial matching algorithms may be used in auctions whose bid length

is short, such as those for airport landing/take-off slots for example. The integer

programming formulation of the WDP stipulates that a bid either loses or wins. If

we relax this constraint so that bids can partially win, thiscorresponds to the linear

relaxation of the problem and is solvable in polynomial time. At each node of the

search tree we can quickly solve the linear relaxation of theremaining problem

in the subtree below the current node to establish an upper bound on remaining

revenue. If this upper bound plus revenue in the parent tree is less than the cur-

rent lower bound on revenue, search at that node can cease. The (continuous) LP

relaxation thus provides a vital speed-up in the search for WSSs, which we have

exploited in our implementation. The LP formulation is as follows:

max
∑

xi∈V

vixi

s.t.
∑

j|i∈Sj

xj ≤ 1, ∀i ∈ {1 . . . m}, xj ≥ 0, xj ∈ R.

Additional techniques, that are outlined in [115], can aid the scalability of a CP

approach but our main aim in these experiments is to examine the robustness of

various auction distributions and consider the tradeoff between robustness and

revenue. The WSS solver we have developed is an extension of the SS solver pre-

sented in [58, 59]. This solver is, in turn, based upon the EFCconstraint solver [9].

The dual of the LP formulation allows us to establishshadow priceson items

that give an upper bound on the price of each item. We have not implemented

such pruning using dual solutions, however. We found that such efficiency im-

provements were not necessary to find WSSs of optimal revenue for auctions with

1000 bids. The dual problem is:

min

m
∑

i=1

yi
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s.t
∑

i∈Sj

yi ≥ pj, ∀j ∈ {1 . . . n}, yi ≥ 0, yi ∈ R.

Other techniques such as the use of cutting planes [92, 141] may further reduce

search times. These are constraints that do not affect the solution of the integer

program but do constrain the LP polytope. The extent to whichcuts, if any, are

worth adding requires experimentation. It depends not onlyon the problem, but

also on the specific instance at hand. The more cuts that are inserted, the fewer

nodes required in the search takes due to enhanced upper bounding. However, a

trade-off occurs because more time is spent at each node. Again, we found that

the LP relaxation was sufficient for our needs so we did not require the use of

cutting planes.

Combinatorial auctions are easily modeled as a constraint optimization prob-

lems. We have chosen the branch-on-bids formulation because in tests it worked

faster than a branch-on-items formulation for thearbitrary and regions

distributions. All variables are binary and our search mechanism uses a reverse-

lexicographic, value ordering heuristic. This complements our dynamic variable

ordering heuristic that selects the most promising unassigned variable as the next

one in the search tree. We use the product of the solution of the LP relaxation and

the degree of a variable to determine the likelihood of its participation in a robust

solution. High values in the LP solution are a strong indication of variables most

likely to form a high revenue solution whilst a variable’s degree reflects the num-

ber of other bids that overlap in terms of desired items. Bids for large numbers of

items tend to be more robust, which is why we weight our robustsolution search

in this manner. We found this heuristic to be slightly more effective than the LP

solution alone. As the number of bids in the auction increases, however, there is

an increase in the inherent robustness of solutions so the degree of a variable loses

significance as the auction size increases.

6.3.3 Results

Our experiments simulate three different levels of solution reparability tightness.

The first is that no winning bids are withdrawn by the bid-taker and a repair so-

lution must return a revenue of at least 90% of the optimal overall solution. Sec-
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ondly, we relaxed the revenue constraint to 85% of optimum. Thirdly, we allowed

backtracking by the bid-taker on winning bids using mutual bid bonds but main-

taining the revenue constraint at 90% of optimum. We letκ be any percentage

(greater than 0) to enable backtracking. Note that the valueof κ does not affect

solution reparability because penalties by withdrawing bidders are directly pro-

portional to compensatory payments made by the bid-taker for item revocation.

Prior to finding a robust solution we solved the WDP optimally using the

lp_solve ILP solver [11]. We then set the minimum tolerable revenue for a

solution to be 90% (then 85%) of the revenue of this optimal solution. We as-

sumed that all bids were brittle, thus a repair solution is required for every bid in

the solution. Initially, we assumed that no backtracking was permitted on assign-

ments of items to other winning bids given a withdrawal elsewhere in the solution.

Optimal Solutions that are Inherently Robust

Table 6.1 shows the percentage of optimal solutions that arerobust for minimum

revenue constraints for repair solutions of 90% and 85% of optimal revenue. Re-

laxing the revenue constraint on repair solutions to 85% of the optimum revenue

greatly increases the number of optimal solutions that are robust. We also con-

ducted experiments on the same auctions in which backtracking by the bid-taker

is permitted using mutual bid bonds. This significantly improves the reparability

of optimal solutions whilst still maintaining repair solutions whose revenue is at

least 90% of optimum. An interesting feature of thearbitrary distribution is

that optimal solutions can become more brittle as the numberof bids increases.

The reason for this is that optimal solutions for larger auctions have more winning

bids. Some of the optimal solutions for the smallest auctions with 100 bids have

only one winning bidder. If this bid is withdrawn it is usually easy to find a new

repair solution within 90% of the previous optimal revenue.Also, repair solutions

for bids that contain a small number of items may be made difficult by the fact

that a reduced number of bids cover only a subset of those items. A mitigating

factor is that such bids form a smaller percentage of the revenue of the optimal

solution on average.

We also implemented a rule stipulating that any losing bids from a withdraw-
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Table 6.1: Optimal solutions that are inherently robust (%).

#Bids
Min Revenue 100 250 500 1000 2000
arbitrary

repair≥ 90% 21 5 3 37 93
repair≥ 85% 26 15 40 87 100
MBB & repair≥ 90% 41 35 60 94 ≥ 93

regions
repair≥ 90% 30 33 61 91 98
repair≥ 85% 50 71 95 100 100
MBB & repair≥ 90% 60 78 96 99 ≥ 98

ing bidder cannot participate in a repair solution. This acts as a disincentive for

strategic withdrawal and was also used previously in the sensitivity analysis.

Occurrence of Robust Solutions

In some auctions, a robust solution may not exist. Table 6.2 shows the percent-

age of auctions that support robust solutions for thearbitrary andregions

distributions. It is clear that finding robust solutions forthe former distribution is

particularly difficult for auctions with 250 and 500 bids when revenue constraints

are 90% of optimum. This difficulty was previously alluded toby the low per-

centage of optimal solutions that were robust for these auctions. Relaxing the

revenue constraint helps increase the percentage of auctions in which robust solu-

tions are achievable to 88% and 94%, respectively. This improves the reparability

of all solutions thereby increasing the average revenue of the optimal robust so-

lution. It is somewhat counter-intuitive to expect a reduction in reparability of

auction solutions as the number of bids increases because there tends to be an

increased number of solutions above a revenue threshold in larger auctions. The

MBB auction model performs very well however, and ensures that robust solu-

tions are achievable for such inherently brittle auctions without sacrificing over

10% of optimal revenue to achieve repair solutions.
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Table 6.2: Occurrence of robust solutions (%).

#Bids
Min Revenue 100 250 500 1000
arbitrary

repair≥ 90% 58 39 51 98
repair≥ 85% 86 88 94 99
MBB & repair≥ 90% 78 86 98 100

regions
repair≥ 90% 61 70 97 100
repair≥ 85% 89 99 99 100
MBB & repair≥ 90% 83 96 100 100

Revenue of Robust Solutions

Figure 6.4 shows the average revenue of the optimal robust solution as a percent-

age of the overall optimum. Repair solutions found for a WSS provide a lower

bound on possible revenue following a winning-bid withdrawal. Note that in some

instances it is possible for a repair solution to have higherrevenue than the original

solution. When backtracking on winning bids by the bid-takeris disallowed, this

can only happen when the repair solution includes two or morebids that were not

in the original. Otherwise the repair bids would participate in the optimal robust

solution in place of the bid that was withdrawn. A WSS guarantees minimum

levels of revenue for repair solutions but this is not to say that repair solutions

cannot be improved upon. It is possible to use an incrementalalgorithm to deter-

mine an optimal repair solution following a break, whilst safe in the knowledge

that in advance of any possible bid withdrawal we can establish a lower bound

on the revenue of a repair. Kastneret al. have provided such an incremental ILP

formulation [70]. The reader is referred to§ 3.1.1 for further details.

Mutual bid bonds facilitate backtracking by the bid-taker on already assigned

items. This improves the reparability of all possible solutions thus increasing the

revenue of the optimal robust solution on average. Figure 6.4 shows the increase

in revenue of robust solutions in such instances. The revenues of repair solutions

are bounded by at least 90% of the optimum in our experiments,thereby, allowing
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Figure 6.4: Revenue of optimal robust solutions.
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Table 6.3: Number of winning bids.

#Bids
Solution 100 250 500 1000 2000
arbitrary

Optimal 3.31 5.60 7.17 9.31 10.63
Repair≥ 90% 1.40 2.18 6.10 9.03 (≈ 10.63)
Repair≥ 85% 1.65 3.81 6.78 9.31 (10.63)
MBB (≥ 90%) 2.33 5.49 7.33 9.34 (≈ 10.63)

regions
Optimal 4.34 7.05 9.10 10.67 12.76
Repair≥ 90% 3.03 5.76 8.67 10.63 (≈ 12.76)
Repair≥ 85% 3.45 6.75 9.07 (10.67) (12.76)
MBB (≥ 90%) 3.90 6.86 9.10 10.68 (≈ 12.76)

a direct comparison with robust solutions already found using the same revenue

constraint but not providing for backtracking. It is immediately obvious that such

a mechanism can significantly increase revenue whilst stillmaintaining solution

robustness.

Solution Characteristics

Table 6.3 shows the number of winning bids participating in optimal and optimal

robust solutions given the three different constraints on repairing solutions listed at

the beginning of this section. As the number of bids increases, more of the optimal

overall solutions are robust. This leads to a convergence inthe number of winning

bids. The numbers in brackets are derived from the sensitivity analysis of optimal

solutions that reveals the fact that almost all optimal solutions for auctions of

2000 bids are robust. We can, therefore, infer that the average number of winning

bids in revenue-maximizing robust solutions converges towards that of the optimal

overall solutions.

A notable side-effect of robust solutions is that fewer bidsparticipate in the

solutions. It can be clearly seen from Table 6.3 that when revenue constraints

on repair solutions are tight, there are fewer winning bids in the optimal robust

solution on average. This is particularly pronounced for smaller auctions in both
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distributions. Although MBBs aid solution reparability, thenumber of bids in the

solutions increases on average. This is to be expected because a greater fraction of

these solutions are in fact optimal, as we saw in Table 6.1. Fewer winning bidders

leads to benefits for the bid-taker such as reduced overheadsin dealing with fewer

suppliers. In procurement scenarios, by decreasing the supply base, a company

can also leverage its spend with fewer suppliers to attain better overall prices. A

smaller number of winning bidders also facilitates improved relationship man-

agement with key suppliers [24, 124]. Giuniperoet al. [53] state the following,

“Being truly agile and adaptable means that we need fewer suppliers. The key

is to select the right ones. Globally, we must reduce the number of relationships

to manage.” Robust solutions, therefore, provide a significant benefit in terms of

improved relationship management as well as risk management.

In the case where no robust solutions are found, it is possible to optimize

reparability, instead of revenue, by finding a solution of atleast a given revenue

that minimizes the probability of an irreparable break. In this manner theleast

brittle solution of adequate revenue may be chosen, as described in§ 5.4.3.

6.4 Risk Management

Following determination of a robust solution, a comparisonof the utility of the

optimal solution and the WSS is possible using the von Neumann-Morgenstern

expected utility property [127], as presented in§ 2.4. The risk attitude of the bid-

taker is instrumental in determining the chosen solution that maximizes expected

revenue. Should the WSS be preferable toSo, the optimal solution to the WDP, it

is also possible to ascertain a value that reflects the premium a bid-taker is willing

to pay to secure a robust solution in place of the optimal one.

6.4.1 Utility Comparison

A risk averse bid-taker has a concave utility function. For example, this function,

u(), may take the form ofu(w) = w1−ǫ whereǫ ∈ [0, 1). A risk neutral bid-taker

is represented withǫ = 0 and low values ofǫ signify a modest degree of risk

aversion. Asǫ → 1 the bid-taker becomes more risk averse and, therefore, more
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likely to prefer a WSS over a brittle optimal solution. Example 6.4.1 demonstrates

the choice facing a bid-taker after finding a WSS and performing a sensitivity

analysis on that solution so that it can be compared against the optimal solution

and the expected utility can be maximized.

Example 6.4.1.Consider an optimal solution generating a revenue of 1000 and

repair solutions of revenue{700, 800, 900}, denoted〈1000, {700, 800, 900}〉. A

WSS has also been found for single bid withdrawals,〈970, {940}〉, and the bid-

taker must choose between the two solutions. We let the Bernoulli utility function

of the bid-taker beu(w) = (w1−ǫ), whereǫ ∈ [0, 1),and the independent prob-

ability of each single winning-bid withdrawal is 0.05. Recall that we bound the

number of possible withdrawals so that there is a polynomial number of possible

outcomes in order to maximize expected utility. Therefore,the expected utilities of

the respective solutions using Equation 2.1 are:

uopt(w) = (0.85×10001−ǫ)+(0.05×7001−ǫ)+(0.05×8001−ǫ)+(0.05×9001−ǫ),

uWSS(w) = (0.95× 9701−ǫ) + (0.05× 9401−ǫ).

The level of risk aversion of the bid-taker, henceǫ, determines the utility

maximizing option. In the case of a risk neutral bid-taker,ǫ = 0, the expected

utility of the optimal solutionuopt(w) = 970, whereas the utility of the WSS

uWSS(w) = 968.5. However, as the bid-taker becomes more risk averse, the more

robust WSS becomes more attractive. In this instance we find that whenǫ & 0.43,

the bid-taker is sufficiently risk averse to prefer the WSS over the optimal solution.

△

Sometimes the bid-taker is uncertain of their precise Bernoulli utility func-

tion, in which case some ambiguity may occur regarding the utility maximizing

solution.

6.4.2 Risk Premium Calculation

The risk premium is the amount that a risk averse agent is willing to forego in

order to obtain the certainty equivalent (CE), an amount without any risk. It may
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Figure 6.5: Actuarially fair premium determination.

be impossible to achieve a solution without any risk, but a WSSoffers a solution

with reduced risk. A WSS, therefore, is of value to a bid-takerand the premium

in this instance is the added value a bid-taker places on a WSS over the optimal

solution.

Figure 6.5 shows a schematic diagram of the solutions presented in Exam-

ple 6.4.1 for a risk averse bid-taker withǫ > 0.43. Notice how the CE for the

WSS,CEWSS, is greater than the CE for the optimal solution,CEO. The actuar-

ially fair premium that the bid-taker is willing to pay is given by:

AFP = CEWSS(w)− CEO. (6.1)

This premium increases with risk aversion and is a measure ofthe value of

a robust solution over theSo. When ǫ ≈ 0.43, the bid-taker is indifferent to

the two solutions but asǫ increases so too does the value of the WSS over the

optimal solution. For example, settingǫ = 0.6, we getEWSS(u) = 15.647 and

EO(u) = 15.643. Therefore,CEO(w) = e
log 15.643

1−0.6 = 967.14 andCEWSS(w) =

e
log 15.647

1−0.6 = 967.76. The actuarially fair premium in this case is, therefore, 967.76-

967.14=0.62. This provides a measure of the surplus utilityof the WSS compared
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to So. For example, if a bid-taker in a CA is only capable of determining So,

then a third party can make a profit by selling a robust solution to this bid-taker.

The bid-taker, in this case, is willing to pay up to 0.62 for the WSS. Naturally,

this premium increases when the likelihood of bid withdrawal is higher, the repair

revenues for the optimal solution are lower, or when the bid-taker is more averse

to risk.

6.5 Summary

We successfully applied the WSSs framework to the problem of finding robust so-

lutions for CAs. This is an important result and is the first mechanism for proactive

risk management in such auctions when faced with the possibility of bid with-

drawal. It allows us to select an allocation that is resistant to bid withdrawals and

reflects the fact that involuntary item revocation from bidders is disallowed. We

proposed an auction mechanism, mutual bid bonds, to aid reparability by permit-

ting involuntary item withdrawals by the bid-taker in exchange for a compensatory

payment. Also, bid withdrawal incurs a penalty payment by the bidder that funds

a reallocation of items to establish a repair solution. We showed that this signifi-

cantly improves reparability and leads to higher revenue robust solutions that are

very close, on average, to the optimal WDP revenue.

We also illustrated how such solutions tend to have fewer winning bids than

overall optimal solutions, thereby reducing any overheadsassociated with dealing

with more bidders. In procurement scenarios, by decreasingthe supply base, a

company can also leverage its spend with fewer suppliers to attain better overall

prices. A smaller number of winning bidders also facilitates improved relationship

management with key suppliers [24, 124]. Giuniperoet al. [53] state the follow-

ing, “Being truly agile and adaptable means that we need fewer suppliers. The key

is to select the right ones. Globally, we must reduce the number of relationships

to manage.” Robust solutions, therefore, provide a significant benefit in terms of

improved relationship management as well as risk management.

Furthermore, we analyzed the added value of WSSs for risk averse bid-takers

and showed how an actuarially fair premium can be calculatedto precisely mea-

sure this surplus utility over the optimal solution to the WDP.
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One possible drawback of robust solutions is that calculation of an optimal

bidding strategy is a difficult problem in such a non-incentive compatible mech-

anism. A truthful mechanism would ease this problem by incentivizing truthful

bidding, thereby trivializing the bidding strategy for bidders. This allows bidders

to concentrate their efforts upon computing valuations foritems more accurately

and also facilitates the optimization of a social objective, as described by the Rev-

elation Principle in§ 2.2. The following chapter explores truthful mechanism

design for robust solutions in detail.
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Chapter 7

Truthfulness and Robust Solutions

Thus far, we have developed a means of establishing robust solutions for CAs.

This auction mechanism is non-incentive-compatible sincebidders may strategize

by trying to predict the behavior of others in order to maximize expected utility.

It is possible to incentivize truthful bidding in auctions through careful design

of the allocation and payment mechanism. The Revelation Principle, presented in

§ 2.2, implies that in a wide variety of settings, only “truthful revelation mech-

anisms” in which agents truthfully announce their types need to be considered

when the maximization of a social objective is required. In other words, there are

no manipulable mechanisms, in which agents strategically report their types, that

attain superior outcomes than any non-manipulable mechanism. This principle al-

lows us to focus our attention upon truthful mechanisms only, when the objective

is to optimize some social objective.

There has been considerable research effort in this field by the computer sci-

ence community in recent years because of the computationalchallenges posed by

incentive compatibility [93, 94]. In this chapter we attempt to develop a truthful

mechanism that attains a robust allocation.
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7.1 Advantages and Disadvantages of Truthful Mech-

anisms

A truthful bidding mechanism that is consistent with findingrobust solutions is

beneficial because it relieves bidders from the computational burden of deciding

upon an optimal bidding strategy. Non-truthful auction mechanisms imply that

bidders need to strategize about other agents’ valuations and behaviors when try-

ing to determine how they should bid in order to maximize their expected surplus.

This is a difficult computational problem for bidders in combinatorial auctions,

and complicated further by non-optimal winner determination that is used when

finding robust solutions. When truthful bidding is the dominant strategy the bid-

der’s problem of determining an optimal bidding strategy becomes trivial. This

allows bidders to focus all their computational resources upon estimating their true

valuations for sets of items. A truthful mechanism for robust solutions, therefore,

facilitates more accurate valuations.

Bidder behavior is also more predictable because truth-telling is the dominant

strategy for rational bidders, and this is particularly desirable for a risk averse

bid-taker. A possible disadvantage is that bidders reveal their true costs and this

is information which they may not wish to reveal. Consequently, there has been

considerable research in the field of minimal preference elicitation [26, 27, 65].

The design of truthful mechanisms for a computationally hard problem such

as combinatorial auctions is made difficult by the fact that efficiently computable

heuristics for winner determination cannot be employed in VCG-based (see§ 2.2.2)

mechanisms whilst still maintaining their non-manipulability characteristics. Re-

call from Chapter 2 that VCG mechanisms [25, 55, 126] guaranteethat each agent’s

dominant strategy is to tell the truth, but it requires solving m + 1 optimization

problems, where the overall optimal solutions involvesm agents, and non-optimal

solutions compromise truthfulness [93]. Various polynomial-time approximation

algorithms can provide good or near optimal solutions very quickly. However,

Nisan and Ronen [94] showed, constructively, that a non-optimal solution can in

fact result in payments that can be arbitrarily far from the optimum. If an auc-

tioneer seeks to approximate optimal solutions in a GVA using polynomial-time

algorithms the results may not be reliable and agents may have an incentive to lie.
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This negative result encourages examination of ways in which the problem

may be restricted in some respect so that truthfulness can beachieved in a com-

putationally feasible manner, using a polynomial approximation algorithm.

7.2 Truthful Approximation Algorithms

A seminal positive result, due to Lehmannet al. [77], showed that by restricting

the set of preferences of agents to what they termedsingle-minded, i.e. agents are

only interested in a single bundle of items, it is possible todevelop greedy mech-

anisms that are both truthful and computationally efficient. They also showed that

the VCG-based mechanisms remain computationally infeasible for single-minded

bidders but that it is possible to create a greedy truthful mechanism, that has prov-

able approximation properties.

There are a number of important requirements that an allocation algorithm

must fulfil if it is to be incorporated within a truthful mechanism. Firstly, an

allocation algorithm must be monotone [77].

Definition 7.2.1(Monotone allocation algorithm). An allocation algorithm is monotone

if whenever a bidvj wins, an increase in the bid tov
′

j still wins, assuming all other

bids are fixed.

The construction of monotone, approximate allocation algorithms that are

computationally feasible is an important line of research for truthful mechanisms.

Lehmannet al.[77] showed, axiomatically, that a mechanism is truthful ifit fulfils

the following requirements:

Allocation monotonicity. See Definition 7.2.1;

Exactness.The bidder is either awarded his set of desired items (and no more) or

nothing at all;

Critical value. A winning bidder pays the lowest value he could have declaredto

win the items;

Payment monotonicity. A bidder never pays less for a superset of items in his

bid;

Participation constraints. Losing bidders pay zero.
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All of these requirements must be fulfilled by any mechanism that seeks to

achieve robust solutions for CAs by incentivizing truthful bidding. The monotonic-

ity of the allocation algorithm and the critical value payment scheme are partic-

ularly important constraints because they are more difficult to satisfy. The other

requirements are easier to fulfil. For example, the participation constraint is satis-

fied by normalizing the payment scheme. An agent’s payment for a set of items

S, pj(S), is reduced by the payment that would make if they were to receive no

items, i.e. p
′

j = (pj(S) − pj(∅)). Note that this normalization ensures that for

any agent who receives no items, their payment is always zero. Exactness is nec-

essarily satisfied by the non-overlapping constraints of the set packing problem

constraints.

The family of algorithms developed by Lehmannet al. [77] is based on the

greedy allocation scheme described in TRUTH-APPROX-ALLOCATION (Algo-

rithm 8). The criterion for ranking bids must have the property of bid-monotonicity,

so that decreasing the number of desired items in a bid or increasing its bid amount

can only improve its ranking after the sorting phase. For example, a valid criterion

may be the average bid amount per item.

Algorithm 8 : TRUTH-APPROX-ALLOCATION (from [77])
input : Bids,B; Criterion, C.
output: Allocation,W.
begin
W ← ∅ // Set of winning bids
L ← Rank(B, C) // Rank bids in decreasing order according to C
foreach i = 1 . . . |L| do

w ← true // Signal thatB[i] is a winning bid
foreach j = 1 . . . (i− 1) do

if items(B[j]) ∩ items(B[i]) 6= ∅ ANDB[j] ∈ W then
w ← false

if w = true then
W ←W ∪ {B[i]}

end

Algorithm 8 satisfies allocation monotonicity because a bidder can only in-

crease his likelihood of winning by increasing his bid amount or decreasing the
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number of desired items in a bid. This stems from the bid monotonicity of the

criterion,C. This is not sufficient on its own to ensure truthful bidding because

a suitable payment scheme is also necessary to satisfy payment-monotonicity and

participation constraints.

Algorithm 9, TRUTH-APPROX-PAYMENT , describes a greedy payment scheme

proposed by Lehmannet al. [77]. Note thatn(L[j]) is the first bid followingL[j]

that is a losing declaration but would have won ifL[j] had not been declared. The

critical paymentc is the minimum declaration for bidL[j] so that it would still

be prioritized overn(L[j]) according to criterionC. This “threshold” payment

scheme is present in several other truthful mechanisms [5, 6, 46]. We assume that

the ties are treated in a consistent manner.

Algorithm 9 : TRUTH-APPROX-PAYMENT (from [77])
input : Ranked Bids,L; Winning Bids,W; Number of bids,n.
output: Payments,P .
begin

P // Payments
foreach j = 1 . . . n do

if L[j] /∈ W then
P [L[j]]← 0

else
// n(L[j]): the next bid that would have won ifL[j] was not

declared
n(L[j])← min{i|i ∈
{j + 1, . . . , n}, items(L[j]) ∩ items(L[i]) 6= ∅,∀l < i, l 6=
j,L[l] ∈ W ⇒ items(L[l]) ∩ items(L[i]) = ∅}
// c is the critical payment value
if n(L[j]) 6= ∅ then

P [L[j]]← c

else
P [L[j]]← 0

end

Mu’alem and Nisan extended this work by further restrictingthe agents to

known single-minded biddersto obtain a richer class of algorithmically efficient

truthful mechanisms [88]. They also presented a set of general tools that per-
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mit the creation of such mechanisms. We shall adopt their known single-minded

bidders model and explore truthfulness for robust solutions.

7.3 A Truthful Mechanism for Robust Solutions

We present a restricted model for combinatorial auctions that permits truthful

mechanisms for CAs, thus enabling maximization of social welfare. We inves-

tigate the possibility of embedding the WSSs framework as an allocation algo-

rithm within a truthful mechanism. We discuss the difficulties encountered with

this approach and, finally, we then present an important positive result: atruthful

approximation scheme that approximately maximizes expected utility for single

bid withdrawals. Recall from§ 3.2.2 that we formulated an integer program that

models such a utility maximizing approach.

7.3.1 The Model

We adopt a similar model to [88] to investigate possible mechanisms that incen-

tivize truthful bidding over a setU of m items. Each bidderj, of n bidders in

total, has a positive valuation functionvj for a subsetS ⊆ U of items. We assume

that agents’ valuation models are private, as is commonplace within mechanism

design,e.g.[4, 104]. This removes the possibility of the winner’s curseeffect alter-

ing ex-post bidder valuations, thus eliminating the possibility of bid withdrawals

for strategic purposes. However, this restriction also reduces the likelihood of bid

withdrawal, thereby inhibiting the possible benefits of robust solutions to situa-

tions with exogenous probabilities of bid withdrawal.

Definition 7.3.1(Single-minded bidder [77]). Bidderj is single-minded if there is

a set of goodsSj ⊆ U and a valuev∗
j ≥ 0 such thatvj(S) =

{

v∗
j S ⊇ Sj

0 otherwise.

Informally, single-minded bidders are willing to payv∗
j , a privately known

valuation, on condition that they minimally receive a set ofitems,Sj. This condi-

tion is necessary to satisfy the individual rationality constraints presented in§ 2.2.

Mu’alem and Nisan [88] introduced known single-minded bidders, whereby the
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subsetsSj are known to the mechanism. This mechanism is composed of an al-

location algorithm,A(v), whose inputs are the bid declarations{v1 . . . vn}, the

respective desired items{S1 . . . Sn} and a payment rulep(v). The output ofA(v)

is a subset of pair-wise disjoint winning bids.

In summary, our model adopts the following assumptions/restrictions to help

us attain a truthful mechanism:

Private values. Bidders are indifferent to others’ valuations. There is no winner’s

curse so bidders do not discount bid amounts;

Exogenous probabilities of withdrawal. Withdrawals are caused by random events.

Bidders have no control over the reasons for bid withdrawal;

Known single-minded bidders. This is a restriction proposed in [88] to allow

polynomial algorithms incentivize truthful bidding;

Rational bidders. This assumption is common to most mechanism design liter-

ature [82, 93]. If bidders act irrationally there is no meansof incentivizing

any form of desired behavior.

7.3.2 Monotonicity and the WSS Algorithm

If we can achieve an approximation scheme that is monotone, we can also achieve

a payment scheme that incentivizes truthful bidding [4, 88,109]. We investigate

the monotonicity of the WEIGHTED-SUPER-SOLVE algorithm (see§ 5.4.2). We

find that an increase in a bid amount may introduce a repair fora previously ir-

reparable bid, thereby enlarging the set of bids that may be considered when de-

termining an optimal robust solution. We shall see how this can occur in practice

in Example 7.3.1.

Lemma 7.3.1 provides an impossibility result regarding themonotonicity of

WSSs when finding an optimal 1-robust solution (Definition 6.1.2, page 99). The

non-existence of a monotone allocation algorithm implies that for some bidder

a, if va is a winning declaration then for some higher declarationv
′

a ≥ va it

becomes a losing declaration. The proof utilizes the fact that if va becomes a

losing bid, then it must form part of a repair for another previously irreparable bid

that partakes in the subsequent winning allocation.
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Lemma 7.3.1. The WSS algorithm for finding an optimal 1-robust solution toa

CA with irrevocable assignments of items is non-monotone.

Proof. We prove by construction as follows: consider three feasible allocations,

A1 A2 andA3 with revenues ofrev(A1), rev(A2) andrev(A3) respectively. We let

rev(A1) > rev(A2) ≥ R > rev(A3) with R being a lower bound on acceptable

revenue. Let these allocations contain the following winning bidsA1 = {vx}∪L,

A2 = {vy} ∪ M andA3 = {vy} ∪ L ∪ N , whereL, M andN are mutually

exclusive sets of bids. We can say the following:

rev({vx} ∪ L) > rev({vy} ∪M) ≥ R > rev({vy} ∪ L ∪N).

We letvx be the only brittle bid. Its withdrawal fromA1 has an optimal repair

allocation ofA3, but R > rev(A3). Therefore,A1 is an irreparable allocation

becausevx cannot be repaired, soA2 is the optimal WSS andvy is a winning bid.

Let an increase invy to v
′

y ⇒ rev(A
′

3) ≥ R. The allocationA1 becomes

reparable following the increase invy to v
′

y but should not become the winning

allocation if the WSS algorithm were monotone. However, by choosingvx so that

rev({vy} ∪M) > rev({vx}) > (rev({v′

y} ∪M)− rev(L)), (7.1)

we see thatA
′

2 still has a lower revenue thanA1 following the increased decla-

ration. This means thatA1 becomes the new winning allocation. The condition,

rev({vy} ∪M) > rev({vx}), is necessary so thatvx is not an optimal WSS on its

own before the bid increase.

Therefore, the WSS allocation algorithm is non-monotone becausevy be-

comes a losing declaration following an increase tov
′

y. Note that as a consequence

of the assumption in Equation 7.1,rev({v′

y})− rev({vy}) < rev(L). Otherwise,

the increase would be so large thatvy would remain a winning bid, although the

set of other winning bids would change.

Lemma 7.3.1 demonstrated that increasing a winning bid has the possible side-

effect of creating new robust solutions, by forming a repairsolution for a previ-

ously irreparable allocation of higher revenue. Example 7.3.1 provides a concrete
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illustration of the non-monotonicity of the WSS algorithm byshowing how a win-

ning declaration can become a losing declaration followingan increase in its bid

amount.

Example 7.3.1.Consider bidsv1〈13, A〉, v2〈12, B〉, v3〈8, C〉, v4〈33, AB〉 and

v5〈24, BC〉. All bids are robust,i.e. not likely to be withdrawn, except forv4. The

minimum acceptable revenue,R, for a solution is 34. The optimal robust solution

is, therefore,{v1, v5} with revenue of 37, because{v3, v4} cannot be repaired to

form a solution with revenue of at least 34 shouldv4 be withdrawn. The optimal

repair solution,{v1, v2, v3}, attains a revenue of only 33.

Let us suppose thatv1 becamev
′

1〈16, A〉, so that the declaration has increased

by 3. A monotone allocation algorithm requires thatv1 remains a winning bid, see

Definition 7.2.1. However, allocation{v3, v4} can now be repaired to form a so-

lution with revenue of 36 shouldv4 be withdrawn, therefore, the new optimal WSS

becomes{v3, v4}. This implies thatv
′

1 becomes a losing declaration following the

increase fromv1, thus contravening the allocation monotonicity requirement. △

Theorem 7.3.1.A normalized truthful mechanism is impossible for 1-robustsolu-

tions with known single-minded bidders where item assignmentsare irrevocable,

when using the WSS framework.

Proof. A normalized mechanism is truthful if and only if its allocation algorithm

is monotone and its payment scheme is based on critical value[88]. Lemma 7.3.1

shows that a monotone allocation algorithm is impossible toachieve for 1-robust

solutions where item assignments are irrevocable.

Theorem 7.3.1 shows that it is impossible to incentivize truthful bidding to

achieve robust solutions in the restricted case of combinatorial auctions with known

single-minded bidders. Monotonicity is hindered by the fact that irreparable bids

are discounted from consideration when determining the winners.

The lower bound on tolerable revenue was introduced to permit satisfiability

testing for repairs in order to improve computational feasibility. However, this

constraint is acting as a barrier to truthful mechanisms so we need to circumvent

this constraint in order to find a truthful mechanism for robust solutions.
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The WSS algorithm isNP-complete, when a fixed bound is placed on the size

of any break, so it is not feasible for it to be applied in a VCG-based mechanism.

Recall that such a mechanism would need to be solved optimallymany times for

slightly different instances to determine the payments. Lehmannet al. showed the

infeasibility of the approach, even when bidders are single-minded [77].

7.3.3 Robust Solutions Approximation Algorithm

Recall from§ 3.2.2 that the integer programming formulation for determination

of maximum expected revenue given the possibility of singlebid-withdrawal, is

the following:

max

(

n
∑

j=1

(1− pj)u(vj)xj +
n
∑

k=1

n
∑

j=1

pkxku(vj)rkj

)

(7.2)

subject to the following constraints:

m
∑

j|i∈Sj

xj ≤ 1,∀i ∈ {1, . . . ,m}, xj ∈ {0, 1}, (7.3a)

m
∑

j|i∈Sj ,k 6=j

xj + rkj ≤ 1, (7.3b)

∀i ∈ {1, . . . ,m},∀k ∈ {1, . . . , n}, xj, rkj(k 6=j) ∈ {0, 1}, rkk ∈ {0},

wherepj is the probability of bidj being withdrawn,xj the decision variable

for bid j, vj the amount of bidj and rkj is the repair value of bidj given a

withdrawal by bidk. We assume conditional probabilities of failure so that the

likelihood of multiple bid withdrawals is zero. Notwithstanding this assumption,

the formulation still remains computationally infeasiblebecause of the size of the

input,O(n2) variables. A branch and bound search to find an optimal solution

quickly becomes prohibitively expensive in the size ofn. The LP relaxation for

Equation 7.2 relaxes the integrality constraints onxj andrkj so that bids, in effect,

can partially win (yj, rkj ∈ [0, 1]). Although this problem also hasO(n2) input

variables, the problem can be solved in polynomial time. TheLP formulation,
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denotedLP (v), is as follows:

max

(

n
∑

j=1

(1− pj)u(vj)yj +
n
∑

k=1

n
∑

j=1

pkyku(vj)rkj

)

(7.4)

subject to the following constraints:

m
∑

j|i∈Sj

yj ≤ 1,∀i ∈ {1, . . . ,m}, yj ∈ [0, 1], (7.5a)

m
∑

j|i∈Sj ,k 6=j

yj + rkj ≤ 1, (7.5b)

∀i ∈ {1, . . . ,m},∀k ∈ {1, . . . , n}, yj, rkj(k 6=j) ∈ [0, 1], rkk ∈ {0},

Notice that there are no minimum revenue constraints in thismodel. These

were originally introduced in Chapter 4 as a compromise on theoriginal problem

of utility maximization so that we could improve computational feasibility whilst

still maintaining the integrality constraints on winning bids. By removing these

constraints and optimizing expected utility using the LP relaxation, we need to

then determine the allocation from the results of this non-integer solution. It is

natural to assume thatyj, representing the status of bidj in the optimal allocation,

would provide a good heuristic for guiding the choice of an approximate solu-

tion because it reflects a fraction of how much that bid shouldwin in an optimal

solution. In general, however, such heuristics are not necessarily truthful. We de-

velop an approximation algorithm similar to the LP-BASED allocation algorithm

of Mu’alem and Nisan [88] and show that it is monotone.

Informally, LP-BASED ROBUST (Algorithm 10) assigns any bid whose value

in the corresponding LP solution is greater than1
2

to be a winning bid. When

yj > 1
2
, the bid gets a larger fraction of any of its desired items than any other

conflicting bid,yc. We can infer thatyc < 1
2

and is, therefore, a losing bid. This

ensures that the final solution is consistent with our resource constraints.

Recall from§ 7.3.1 that each bidderj, of n bidders in total, has a positive

valuation functionvj for a subset of items. In order to prove the monotonicity of

Algorithm 10 it is necessary to show that for anyv−j, wherev−j = {v \ {vj}}, yj
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Algorithm 10 : LP-BASED ROBUST

input : BidsV
output: AllocationX
begin

Y ← LP (V ) // Optimal LP solution
for j ← 1 . . . n do

// Y [j] ∈ [0, 1] indicates fractional bid success.
if Y [j] > 1

2
then

X[j]← 1 // X[j] is a binary variable indicating bid success.

else
X[j]← 0

end

is a non-decreasing function ofvj.

Lemma 7.3.2.yj is a non-decreasing function ofvj for any fixedv−j.

Proof. The proof follows that of the LP-BASED algorithm monotonicity in [88].

Consider optimal feasible solutionsY andY ′

to the linear program of Equa-

tion 7.4,LP (v) andLP (v
′

), respectively, wherevj ≤ v
′

j and∆ = v
′

j − vj. Y ′

is a

feasible, though non-optimal, solution toLP (v) and so
∑n

i=1 y
′

ivi ≤
∑n

i=1 yivi. Y
is also a feasible solution toLP (v

′

) and soyj∆ +
∑n

i=1 yivi ≤ y
′

j∆ +
∑n

i=1 y
′

ivi.

Therefore,0 ≤∑n

i (yi − y
′

i)vi ≤ (y
′

i − yi)∆, henceyj ≤ y
′

j, thus proving thatyj

is a non-decreasing function ofvj.

Lemma 7.3.3.Algorithm 10 (LP-BASED ROBUST) is monotone.

Proof. vj is a winning declaration if and only if1
2

< yj. From Lemma 7.3.2 we

know that1
2

< yj ≤ y
′

j so anyv
′

j > vj is also a winning declaration.

Theorem 7.3.2.A normalized mechanism that assigns items to bidders according

to Algorithm 10 (LP-BASED ROBUST) is truthful when its payment scheme is

based upon the critical value.

Proof. We know from [88] that for anyv−j and monotone allocation algorithm

there exists a single critical value below whichvj is always a losing declara-

tion and above which it is always winning. A normalized mechanism is truthful

132



when its payment scheme is based upon the critical value, andthe allocation algo-

rithm is monotone [88]. From Lemma 7.3.3 we know that LP-BASED ROBUST is

monotone.

Theorem 7.3.2 provides a significant positive result. It implies that truthful

bidding can be incentivized when 1-robust solutions that can withstand exogenous

probabilities of withdrawal are desired by the bid-taker.

7.3.4 Non-monotonicity of the WSS Algorithm with MBB’s

Previously, in§ 7.3.2, we saw how the WSS algorithm for 1-robust solutions for

CAs is non-monotone. In this Section we show that the WSS allocation algorithm

remains non-monotone when mutual bid bonds are introduced to aid reparability.

Lemma 7.3.4. The WSS algorithm for finding an optimal 1-robust solution toa

CA with mutual bid bonds is non-monotone.

Proof. We prove by construction in a similar manner to that of Lemma 7.3.1.

Consider once again three feasible allocations,A1 A2 andA3 with revenues of

rev(A1), rev(A2) andrev(A3) respectively. We letrev(A1) > rev(A2) ≥ R >

rev(A3) with R being a lower bound on acceptable revenue. Let these allocations

contain the following winning bidsA1 = {vx} ∪ L, A2 = {vy} ∪M andA3 =

{vy} ∪ L ∪N , whereL, M andN are mutually exclusive sets of bids. We letvx

be the only brittle bid and its withdrawal fromA1 has an optimal repair allocation

of A3, but R > rev(A3). Therefore,A1 is an irreparable allocation becausevx

cannot be repaired.

Let an increase invy to v
′

y ⇒ rev(A
′

3) ≥ R. The allocationA1 becomes

reparable following the increase invy to v
′

y but should not become the winning

allocation if the WSS algorithm were monotone. However, by choosingvx so that

rev({vy} ∪M) > rev({vx}) > (rev({v′

y} ∪M)− rev(L)),

we see thatA
′

2 still has a lower revenue thanA1 following the increased dec-

laration. Because MBBs are in place, we require an extra restriction so that

rev({vy}) < rev({vi}),∀vi ∈ M , thus ensuring that no winning bids can have
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their items revoked to form an alternative repair solution.This can be achieved

by letting rev({vy}) < rev(M), whereM contains only one bid. This means

that A1 becomes the new winning allocation following the increase in vy to v
′

y.

Therefore, the WSS allocation algorithm is non-monotone, even when MBBs are

considered.

We present an example to highlight how an increase in a winning declaration

can result in it becoming a losing declaration because it forms part of a repair so-

lution for a previously irreparable solution. Note that Example 7.3.2 has different

bid amounts forv3 andv5 than in Example 7.3.1. These were altered so that the

withdrawal ofv4 would provide insufficient funds to repair〈v3, v4〉 by revoking

items fromv3. Mutual bid bonds only permit revocation of items from a set of

winning bids whose summation of declarations is less than that of the withdrawn

bid.

Example 7.3.2.Consider bidsv1〈13, A〉, v2〈12, B〉, v3〈38, C〉, v4〈33, AB〉 and

v5〈54, BC〉. All bids are robust,i.e. not likely to be withdrawn, except forv4. The

minimum acceptable revenue for a solution is 64. The bid-taker would like to be

able to award the items to{v3, v4} but v4 is a brittle bid that cannot be repaired

satisfactorily. The optimal robust solution is, therefore, {v1, v5} with revenue of

67.

Suppose thatv1 becamev
′

1〈16, A〉, so that the signal has increased by 3. The

mutual bid bond provides a fund ofκ%× 33 if v4 is withdrawn, but this is in-

sufficient to allow for revocation of items fromv3 who requires a compensatory

payment ofκ% × 38. A monotone allocation algorithm requires thatv1 remains

a winning bid, from Definition 7.2.1. However,v4 can now be repaired to form

a solution,〈v1, v2, v3〉, of revenue 66 should the bid be withdrawn, therefore, the

new optimal WSS following the increase inv1 is {v3, v4}. This implies thatv
′

1

becomes a losing declaration following the increase fromv1, thus contravening

the allocation monotonicity requirement. △

Theorem 7.3.3.A normalized truthful mechanism is impossible for 1-robustso-

lutions with known single-minded bidders and mutual bid bonds, when using the

WSS algorithm.
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Proof. A normalized mechanism is truthful if and only if its allocation algorithm

is monotone and its payment scheme is based on critical value[88]. Lemma 7.3.4

shows that a monotone allocation algorithm is impossible toachieve for 1-robust

solutions with mutual bid bonds.

Theorem 7.3.3 states that a truthful mechanism is impossible using the WSSs

framework and mutual bid bonds. Previously we have circumvented this problem

by relaxing the constraints on minimum revenue to find a polynomial approxi-

mation algorithm that permits truthful bidding. The formulation of a linear pro-

gram that enables repair solutions that can backtrack upon item assignments in

the original solution is not straightforward. We leave the formulation of a truthful

mechanism that incorporates mutual bid bonds for future work.

7.4 Summary

Truthful mechanisms pose difficulties from a computationalfeasibility perspec-

tive. A key requirement of these algorithms is that the allocation algorithm is

monotone. In this chapter we proved a key negative result, that the WSS al-

gorithm is non-monotone, for the case in which no items can berevoked from

winning bidders. We also showed that it is also non-monotonewhen mutual bid

bonds are present.

A restricted form of combinatorial auction whereby biddersare only inter-

ested in a particular bundle of items,i.e. single-minded, permits the creation of an

approximation algorithm that can incentivize truthful bidding [77]. A further re-

striction so that those bundles are known by the mechanism permits a wider range

of truthful approximation algorithms [88].

We succeeded in circumventing the impossibility results associated with the

WSSs framework, for the case in which no item retraction by thebid-taker is per-

mitted, by removing the minimal repair solution constraint. When the conditional

probability of multiple withdrawals is set to zero we can usean LP-based approx-

imation algorithm to find approximately utility-maximizing solutions. Therefore,

we proved that it is possible to create a computationally efficient truthful approxi-
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mation scheme for robust solutions using this allocation algorithm when the pay-

ment scheme is based upon the critical value.
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Chapter 8

Conclusion and Future Work

In this dissertation, we have demonstrated a significant problem for bid-takers in

CAs, illustrated the inadequacies of currently available technologies to tackle this

problem and proposed a novel solution. We also addressed thesituation in which

the bid-taker wishes to have a robust solution whilst optimizing a social objective

via the use of a truthful mechanism. This work also highlighted some interesting

directions for possible future work, which are presented inthis Chapter.

Most notably, we discuss the implications of solution robustness for bidder

aggressiveness and we also present an alternative approachfor risk management

for the bid-taker’s exposure problem. This technique may offer an opportunity for

improved revenue in robust solutions.

Risk management for CAs is a rich field of research that has many open ques-

tions that deserve further attention because of their practical implications for elec-

tronic commerce. We conclude by demonstrating that our workhas significantly

contributed towards managing risk in CAs and forms a significant initial platform

for future work in this field.

8.1 Conclusion

The bid-taker’s exposure problem constitutes a serious risk for the bid-taker in

combinatorial auctions. We performed the first in-depth analysis of this problem

and showed that it can cause large revenue losses for variouseconomically moti-
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vated bidding distributions.

The root cause of failure in an auction solution is oftentimes outside the control

of the bidder who instigates a bid withdrawal,e.g.natural disasters or competition

regulator intervention. Therefore, it may not be practicable for the bid-taker to

enforce non-withdrawal rules. Auction rules regarding non-withdrawal of bids

may constitute a fallacy because of the impracticability ofabsolute enforcement.

Winning-bid withdrawal is a serious threat to solution stability.

A robust solution to a combinatorial auction can withstand winning-bid with-

drawal by reassigning items to form a repair solution without causing undue dis-

turbance to other non-reneging winning bidders. Such solutions are particularly

desirable for risk averse bid-takers. The problem of findingrobust solutions that

maximize expected utility is computationally challenging. We proposed a relax-

ation of the problem so that a lower bound on the revenue of repair solutions

is guaranteed. The search for a repair solution thus becomesa satisfiability test

rather than an optimization problem. We adopted the super solutions framework to

find a robust solution that limits the number of changes required to the solution so

that a repair solution can be guaranteed [52, 59]. This approach highlighted some

limitations to the expressiveness of the framework and motivated some valuable

extensions.

We developed the weighted super solutions framework to enhance the flexibil-

ity and the accuracy of robust solutions. This is a frameworkwhereby assignments

have either static probabilities of failure or dynamic failure rates over time using

the Weibull probability distribution. This distribution can model a wide range of

failure types including metal fatigue, corrosion or abrasion. A set of assignments

is deemed brittle if their combined probability of failure exceeds a threshold value.

The WSSs framework also facilitates an expressive measure for the cost of repair.

The reassignment of variables following a break has an associated cost that can

depend upon the source and destination assignments as well as the cause of the

break. This enables an expressive and versatile approach tofinding robust solu-

tions for constraint programs.

We applied the WSSs framework to the problem of finding robust solutions to

combinatorial auctions. We analyzed the implications of winning-bid withdrawal

in several economically motivated combinatorial auctionsand found a large vari-
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ance in the levels of revenue loss for different bid distributions. We concentrated

upon finding robust solutions to those auction types that were most sensitive to

solution uncertainty. We showed that robust solutions can attain a high percentage

of optimal revenue.

We demonstrated important results concerning a reduction in the number of

winning bids in robust solutions. This is a significant attribute in real-world auc-

tions. By decreasing the supply base, a company can leverage its spend with fewer

suppliers to attain better overall prices. A smaller numberof winning bidders also

facilitates improved relationship management with key suppliers [24, 124]. Giu-

niperoet al. [53] state the following, “Being truly agile and adaptable means that

we need fewer suppliers. The key is to select the right ones. Globally, we must

reduce the number of relationships to manage.” Robust solutions, therefore, pro-

vide a substantial benefit in terms of improved relationshipmanagement as well

as risk management.

We introduced an auction mechanism for improving solution-reparability called

mutual bid bonds. The WSSs framework facilitates backtracking upon agreements

and we showed that this can provide robust solutions with near optimal revenues.

We also demonstrated how a risk averse bid-taker can choose between the optimal

(non-robust) solution and a robust solution using the von-Neumann Morgenstern

expected utility property [127] to maximize expected utility.

One disadvantage of robust solutions is the complex nature of the problem

faced by bidders in establishing an optimal bidding strategy. This represents a

non-incentive-compatible mechanism whereby bidders strategize about the ac-

tions of others to identify an equilibrium bidding strategythat optimizes their

expected surplus. We proposed a means of addressing this problem by establish-

ing a mechanism that incentivizes truthful bidding as a tradeoff against expected

revenue for the bid-taker. This also facilitates the determination of an allocation

that maximizes social welfare. Bidders, therefore, need only establish their own

true valuations for items and do not need to worry about otheragents’ behavior.

We showed that a truthful mechanism is impossible using the WSSs framework

but can instead be achieved by using an LP-based approximation allocation algo-

rithm with payments based upon the critical value.

In summary, solution robustness is an important concept that is often over-
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looked in auction literature. It is important that there exists sufficient technolog-

ical support for risk management capabilities to nurture trust in electronic com-

merce and encourage further deployment of online auctions.This work provides

an important means of combatting solution uncertainty in combinatorial auctions,

an increasingly popular auction format in B2B commerce.

8.2 Future Work

There are many interesting directions for possible future work that we have cate-

gorized in two separate domains, electronic commerce and optimization.

8.2.1 Electronic Commerce

Bidders in auctions can be regarded as selfish rational agentswhose behavior can

be analyzed using non-cooperative game theory. Robust solutions for combinato-

rial auctions can complicate the determination of an equilibrium bidding strategy.

We consider the implications for bidding aggressiveness when bidders adopt affili-

ated valuation models whereby the winner’s curse can influence bidding behavior.

We mention a further motivation for the use of robust solutions, when the

bid-taker wishes to express preferences over suppliers. Wealso propose the de-

velopment of a truthful mechanism for robust solutions thatincorporate mutual

bid bonds as an interesting direction for possible future work.

Bidder Aggressiveness

Recall from§ 2.1 that bidders are utility-maximizing and will submit a bid that is

lower than their true valuation for an item to increase theirsurplus utility. There

is a trade-off between the decreased probability of winningthe item and the in-

creased utility as the bid amount is lowered. Bidders try to estimate other bidders’

valuations when determining their bid amount. When allowingfor randomized

strategies, at least one Nash equilibrium exists in any gamewith regular payoff

functions.

Bidding strategies can become complex in non-incentive-compatible mecha-

nisms where winner determination is no longer necessarily optimal. The robust-
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ness of a bid may influence bidding strategy. Bids from trusted/reliable bidders

have an advantage over bids that require repair solutions. Non-trusted bidders bid

more aggressively (i.e. the equilibrium bidding strategy for such bidders is to bid

higher) to overcome this hurdle. However, trusted bidders can bid less aggres-

sively because reparability constraints on other bidders can reduce competition.

The perceived reparability of bids deemed to be brittle alsoinfluences the equi-

librium bidding strategy. If a bidder feels that there are noother bidders interested

in the same set or a subset of items in a bid then finding a repairsolution may be

difficult. Decreasing the bid amount increases the likelihood of finding a repair

solution withinκ% of optimum revenue, should the bid form part of the optimal

WDP allocation. However, it also decreases the likelihood ofparticipation in this

allocation.

The possibility of bid withdrawal creates an incentive for more aggressive

bidding by providing a form of insurance that caps the potential losses associated

with the winner’s curse. If a winning bidder’s revised valuation for a set of items

drops by more than the penalty for withdrawing the bid, then it is in his best

interests to forfeit the item(s) and pay the penalty. Shouldthe auction rules state

that the bid-taker will refuse to sell the items to any of the remaining bidders in

the event of a withdrawal, then insurance against potentiallosses will stimulate

more aggressive bidding [57]. Another factor that increases aggressiveness is the

extra utility that can be gained from being compensated by the bid-taker for item

revocation following bid withdrawal by another successfulbidder.

We seek to repair a solution following a winning-bid withdrawal with the re-

maining bids. A side-effect of such a policy is to offset the increased aggressive-

ness by incentivizing reduced valuations in the expectation that a bid is withdrawn.

There is also the possibility that a decrease in a bid may cause another bid to be-

come irreparable. If the irreparable bid formed part of an optimal robust allocation

then a lower declaration increases the probability of the bid winning, thus provid-

ing an incentive for a lower declaration. Previously, in Chapter 7, we saw how

this effect causes the non-monotonicity of the WSS algorithm.

Harstad and Rothkopf [57] examined the conditions required to ensure an

equilibrium position in which bidding was at least as aggressive as if no bid with-

drawal was permitted, given this countervailing incentiveto under-estimate a val-
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uation. Three major results arose from their study of singleitem auctions with bid

withdrawal:

1. Equilibrium bidding is more aggressive with sufficientlysmall probabilities

of an award to the second highest bidder in the event of a bid withdrawal;

2. Equilibrium bidding is more aggressive if the number of bidders is large

enough;

3. For many distributions of costs and estimates, equilibrium bidding is more

aggressive with withdrawal if the variability of the estimating distribution is

sufficiently large.

It is important that mutual bid bonds do not result in depressed bidding in equi-

librium. An analysis of the resultant behavior of bidders must incorporate the

possibility of a bidder winning an item and having it withdrawn in order for the

bid-taker to formulate a repair solution after a break elsewhere. Harstad and

Rothkopf have analyzed bidder aggressiveness using a strictly game-theoretic

model in which the only reason for bid withdrawal is the winner’s curse [57].

They assumed all bidders were risk neutral, but concluded that it is entirely pos-

sible for the bid-taker to collect a risk premium from risk averse bidders with the

offer of such insurance. We leave an in-depth analysis of thesufficient conditions

for more aggressive bidding for future work.

Positive Discrimination in Favor of Trusted Bidders

Fairness is often a goal of auctions and its importance is scenario dependent. Con-

cern about equal treatment of competitors (and the appearance of it) is often a

key reason for government use of auctions [112]. In an industrial procurement

scenario the constraints on fairness may be relaxed becausethe purchaser can

maintain the right to choose winners on a non-price basis. However, in private

auctions fairness does influence bidders willingness to participate and should not

be completely disregarded.

Fairness is often cited as a reason for choosing the optimal solution solely

in terms of revenue [112]. Robust solutions militate againstbids deemed to be

brittle, therefore, bidders must earn a reputation for being reliable to relax the
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reparability constraint attached to their bids. This may beregarded as being fair

to long-standing business partners whose reliability is unquestioned. Internet-

based auctions are often seen as unwelcome price-gouging exercises by suppliers

in many sectors [42, 97]. Traditional business partnerships are being severed by

increased competition amongst suppliers. Quality of Service can suffer because of

the increased focus on short-term profitability to the detriment of the bid-taker in

the long-term. Robust solutions can provide a means of selectively discriminating

against distrusted bidders in a measured manner. Some possible future work may

include an empirical study of how successful this techniquemay be in auctions

when the bid-taker wishes to discriminate with subtlety in favor of certain bidders.

Truthfulness with Mutual Bid Bonds

We presented a truthful mechanism in Chapter 7 that approximates expected util-

ity maximization. In this mechanism it is assumed that the bid-taker cannot with-

draw items from bidders after a winning-bid withdrawal. Theprobabilities of

failure were exogenous because the private values model used does not induce the

winner’s curse and reneging bidders could not be consideredwhen repairing the

solution. Bidders were not expected to pay any penalty following withdrawal.

We showed in Chapter 6 that the MBB mechanism improves solutionrepara-

bility, thus increasing revenue. Reneging bidders pay a penalty following with-

drawal. The bid-taker also pays compensation to winning bidders whose items

are withdrawn when the solution is repaired following a withdrawal by another

bidder. We showed that in Chapter 7 it is possible to create a monotone allocation

algorithm using the LP relaxation of the problem that maximizes expected utility

when a single bid withdrawal is possible. When the bid-taker can withdraw items

from winning bidders using mutual bid bonds, the constraints on reparability are

relaxed.

An open question remains whether it is possible to achieve a monotone al-

location algorithm for robust solutions so that truthfulness can be achieved with

defined approximation ratios whilst remaining flexible enough to handle mutual

bid bonds. Archeret al. devised a version of randomized rounding that is in-

centive compatible, giving a truthful mechanism for single-minded bidders [6].
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They overcame a non-monotone allocation algorithm by modifying an LP round-

ing algorithm to ensure monotonicity. An open question remains whether such a

monotone allocation algorithm can be developed for robust solutions with MBBs.

A randomized mechanismcan be viewed as a chance selection of a random ele-

ment that is an input to a deterministic mechanism. The solution concepts for ran-

domized mechanisms have varying degrees of truthfulness with strongly truthful

implying that the generated deterministic mechanism is always truthful regardless

of the randomly generated input. Strong truthfulness is restrictive andtruthfulness

in expectationmay be used as a reasonable weakening of the solution concept. Al-

ternatively,strongly truthful with high probabilityhas been used by Archeret al.

as a means of incentivizing truthful bidding for bidders that are not necessarily

risk neutral [6]. A reasonable compromise of the solution concept may permit the

creation of a truthful mechanism for robust solutions.

8.2.2 Optimization

Robust solutions for combinatorial auctions raise many questions and motivate

interesting research questions in the computer science domain. In this Section

we present some outstanding issues relating to robustness and optimization that

deserve further consideration.

ILP Solution Robustness

Whilst the WSSs framework provides ample flexibility and expressiveness, scala-

bility becomes a problem for larger auctions. Although optimal solutions to large

auctions tend to be naturally robust, some bid-takers in such auctions may require

improved robustness. Bertsimaset al. [13, 14] introduce a formulation of integer

programming problems that produces robust solutions when either the cost coef-

ficients or the data constraints may be subject to uncertainty. We are interested in

decision variable uncertainty, however, so this approach is not directly applicable.

A possible extension of our work in this dissertation would be to examine the

feasibility of reformulating integer linear programs so that the solutions are robust.

Hebrardet al.[59] examined reformulation of CSPs for finding SSs but found that

the approach was inefficient when compared to the MAC-based search algorithm.
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But this does not necessarily preclude the formulation of integer programs for

robust solutions that are computationally feasible.

An alternative approach for finding robust solutions may be to use a top-down

approach by looking at thek-best solutions sequentially, in terms of revenue, and

performing sensitivity analysis upon each solution until arobust one is found.

In procurement settings the principle offree disposalis often discounted and all

items must be sold. This reduces the number of potential solutions and the repara-

bility of each solution. The impact of such a constraint on the revenues generated

by robust solutions is also left for future work.

Other Applications of the WSSs Framework

The WSSs framework provides a versatile means of establishing robust solutions

in many application domains. Chapter 5 demonstrated, in a pedagogical example,

how it could be used for job-shop scheduling problems. In this section we briefly

discuss some other applications of the WSSs framework.

We propose the use of WSSs forrobust mechanism design. Porteret al. first

introduced the notion offault tolerant mechanism designin which agents have pri-

vate information regarding costs for task completion, but also their probabilities

of failure [104]. When the bid-taker has combinatorial valuations for task com-

pletions it may be desirable to assign the same task to multiple agents to ensure

solution robustness. It is desirable to minimize such potentially redundant task

assignments but not to the detriment of completed task valuations. This problem

could be modeled using the WSSs framework in a similar manner to that of com-

binatorial auctions. A minimum set of duplicated tasks may be performed whilst

satisfying constraints on reparability in the event of taskfailure.

When the WSSs framework is applied to optimization problems itmay be

desirable to express an optimal outcome using a utility function over robustness

and the optimization criterion. The framework may be extended to support such

utility functions. Solution robustness may be seen as an additional optimization

criterion rather than as a constraint, therefore, transforming the problem into a

multi-criteria optimization problem. There are inherent trade-offs in such prob-

lems that require utility functions to determine an overalloptimal solution. Unfor-
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tunately, such utility functions are often difficult to articulate precisely and usually

involve some uncertainty in themselves [71]. There are means, however, of exam-

ining worst-case error in the presence of such uncertainty to guide elicitation of

such preferences and suggest refinements of utility information using a notion of

minimax regret[18], for instance.

The cost of repairing an assignment may consist of a multi-dimensional vector

quantity. For example, the cost of repairing a machine afterfailure involves both

time and expense. Total repair costs must, therefore, be measured as a function of

such vector quantities andβ is the upper bound on the outcome of this function.

An Adaptive Algorithm for Winner Determination

In our auction model, discussed in§ 3.1, the winners are declared simultaneously

and the transaction phase involves the simultaneous response of all bidders to this

announcement. In some scenarios the transactions process may be of negligible

duration and, thus, it may be possible to announce winners sequentially and com-

plete the transaction for each winning bid before declaringthe next winner. Se-

quential declaration of winners increases the knowledge available to the bid-taker

when awarding items.

Example 8.2.1.Consider a combinatorial auction where a horse and cart are for

sale where winners are announced sequentially and transactions are completed

before the next announcement. Three bids,A〈HorseCart, 900〉, B〈Horse, 500〉
andC〈Cart, 500〉, were entered in the bid submission phase.

We shall now consider a sequential, partial-winner determination and trans-

action phase. We can offer either the horse toB or the cart toC initially, and

winning-bid withdrawal will allow us to reassess our options after the transaction

phase. Let us assume that the the Horse is offered toB and the transaction is

unsuccessful. The WDP is then reduced to a choice between bidsA andC. The

pair of items are then offered toA and if this is unsuccessful the Cart is offered to

C.

Figure 8.1 shows how a problem may arise in the case where bidB is trans-

acted successfully. BidA can no longer be considered, therefore, the Cart is

offered toC. If C reneges upon this bid, there is no alternative repair solution
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A<HorseCart, 900>
B<Horse, 500>

C<Cart, 500> A<HorseCart, 900>
B<Horse, 500>

C<Cart, 500> A<HorseCart, 900>
B<Horse, 500>

2) Winner determination (1st phase) 

Bid B wins
3) Transaction completes successfully3) Bid submission phase

A<HorseCart, 900>
B<Horse, 500>

A<HorseCart, 900>
B<Horse, 500>C<Cart, 500>

A<HorseCart, 900>
B<Horse, 500>

2) Transaction unsuccessful 3) Bid-taker's exposure problem3) Winner determination (2nd phase)

Bid C wins

???

C<Cart, 500>

Figure 8.1: Bid-taker’s exposure problem for sequential winner determination.

that provides the bid-taker with a revenue greater than 500. The bid-taker’s expo-

sure problem is experienced when bidC is withdrawn but it is now reparable ifB

is withdrawn. △

Example 8.2.1 shows how the bid-taker’s exposure problem isstill present

when winner determination and transactions are conducted sequentially. The

problem is less severe, however, because bid withdrawal byB is reparable, whereas

if the Cart was simultaneously awarded toC it would have been impossible to de-

clareA as winner.

The problem of winner determination in this setting is a stochastic optimiza-

tion problem. Deanet al. [34, 35] describe adaptive algorithms for stochastic

packing problems and the benefits of being able to adapt to incoming information.

One of the four classes of stochastic packing considered in [35] is stochastic set

packing. Recall that the WDP with free disposal is an instance of a set packing
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problem. They consider a scenario in which there is uncertainty surrounding the

set of desired items. However, this differs from the type of uncertainty that causes

the bid-taker’s exposure problem. We have precise knowledge of desired items but

there is a risk that the bid may be withdrawn, in which case theset of desired items

is empty and the relevant cost coefficient representing the bid amount is zero. The

likelihood of bid withdrawal is represented as a discrete probability distribution.

An algorithm whose decisions depend upon the observations of which previ-

ously declared winning bids is calledadaptive. An allocation algorithm, such as

that used in the WSSs framework, that chooses all bids in advance isnon-adaptive.

We leave the development of an adaptive algorithm for sequential winner de-

termination in the presence of bid withdrawal for future work.
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Appendix A

Glossary

Bayes-Nash equilibrium. In normal form games of incomplete information, the

players have no possibility to update their prior beliefs about their oppo-

nents types. All that a player knows, apart from the game itself (and the

priors), is his own type, and the fact that the other players do not know his

own type as well. As their best responses, however, depend onthe play-

ers’ actual types, a player must see himself through his opponents’ eyes

and plan an optimal reaction against the possible strategies of his opponents

for each potential type of his own. Thus, a strategy in a Bayesian game

of incomplete information must map each possible type of each player into

a plan of actions. Then, since the other players’ types are unknown, each

player forms a best response against the expected strategy of each opponent,

where he averages over the (well-specified) reactions of allpossible types

of an opponent, using his prior probability measure on the type space. Such

a profile of type-dependent strategies which are unilaterally unimprovable

in expectations over the competing types’ strategies formsa Bayes-Nash

equilibrium. Source: [123]

Certainty equivalent. The amount of wealth offered for certain, which gives the

consumer exactly the same utility as the gamble.

Depth-first search. A search algorithm of a graph that explores the first child of

a node before visiting its sibling nodes.

Dominant strategy. A dominant strategy in a game for a player gives a better
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payoff than any another strategy, regardless of what the other players are

doing. It weakly dominates another strategy if it is always at least as good.

Equilibrium bidding strategy. A bidding strategy from which the bidder has no

incentive to unilaterally deviate.

Extensive form game.A game in extensive form is one that can be represented

as a tree, where each node corresponds to a choice by one of theplayers. In

an extensive form game players make choices sequentially, unlike a normal

form game. However, players are not necessarily always aware of the node

at which they are positioned (i.e., what moves have been made previously).

Escrow. Money, deeds or a bond that may be held in the custody of a thirdparty

for delivery to a grantee following the fulfillment of the conditions specified.

Free disposal.A bid-taker need not necessarily sell all of the items when maxi-

mizing revenue,i.e. there is no extra cost induced by not selling items.

Game. In general, a game is a formal description of a strategic situation in which

players make choices with the intent of optimizing their utility. Formally, a

game includes three features:

1. Each player’s strategy space that is comprised of a set of pure strate-

gies.

2. Rules for determining an outcome after players’ strategies are already

decided.

3. A utility function for each player specifying their payoff given each

outcome.

Game theory. Game theory is a mathematical theory of strategic interaction where

multiple players must make decisions that may affect the interests of other

players.

Individual rationality (IR). Each player must expect a positive utility from tak-

ing part in a game, otherwise they would not compete. This is also known

as the “participation constraint”.

Incentive compatibility (IC). IC conditions in a game induce a strategic equi-

librium for a given array of types. In particular, they may ensure that it

be worthwhile for different types to choose the same action.Yet in most
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economic problems, incentive compatibility conditions serve to induce a

strategic equilibrium which reveals the players’ private information by hav-

ing them choose differentcharacteristicequilibrium actions.

Mechanism design.Mechanism design is concerned with specifying the rules

of a game where a collection of agents, each holding private information

about their preferences over a set of outcomes, interact with each other in

their own self-interest.

Mixed strategy. A mixed strategy defines a probability over pure strategies,and

randomly chooses a pure strategy based on the distribution given by their

mixed strategy. Consequently, every pure strategy is also a mixed strategy

with a probability of 1 for the relevant pure strategy.

Nash equilibrium. A profile of strategies such that if other players conform to

the equilibrium strategies, no player has an incentive to unilaterally devi-

ate from his equilibrium strategy. A Nash-equilibrium is self-referential

and constitutes a profile of strategies that form “optimal reactions” to other

agents “optimal reactions”. Nash equilibrium is the pure form of the basic

concept of strategic equilibrium and as such, it is useful mainly in normal

form games with complete information. When allowing for randomized

strategies, at least one Nash equilibrium exists in any gamewith regular

payoff functions. Note that a game may possess several Nash equilibria.

Source: [123].

Normal form (strategic form). A game that is a compact representation of a

game in which players choose strategies simultaneously.

Payoff. The utility of an outcome that reflects its desirability to a player. The

expected payoff (in the presence of random outcomes) incorporates the

player’s risk attitude.

Pure strategy. A pure strategy provides a complete definition for a way a player

can play a game. In particular, it defines, for every possiblechoice a player

might have to make, which option the player picks.

Risk attitude. A decision makers risk attitude characterizes his willingness to

engage in risky prospects. Focusing on risky prospects withmonetary out-

comes, a decision maker displays risk aversion if and only ifhe strictly
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prefers a certain consequence to any risky prospect whose mathematical

expectation of consequences equals that certain amount. Equivalently, a de-

cision maker is said to be risk averse if and only if he strictly refuses to

participate in fair games (i.e. games with an expected net outcome of zero).

He is said to be a risk preferrer if and only if he strictly prefers the above

mentioned risky prospect to its certain consequence. He displays risk neu-

trality if and only if he is indifferent between the risky prospect and the

certain consequence. Source: [123].

Risk premium. The difference between the expected value of the gamble and the

certainty equivalent.

Social choice function.A functional representation of how to aggregate individ-

uals preferences into an integrated social preference.

Solution concept. A solution conceptis used to predict the strategies agents will

choose in order to maximize their utility, thus determiningan equilibrium

position for the game. These concepts assume knowledge about agent pref-

erences, rationality, and shared information about one other. The best known

concept is that of a Nash equilibrium.

Strategy. In a normal form game a strategy is one of the given possible actions of

a player, whereas in an extensive form game it is a complete plan of actions.

Strategy space.A player’s strategy space is the set of pure strategies available to

that player.

Winner’s curse. The revelation of competing (losing) bidders’ valuations infers

reduced profitability, or possibly even a loss, for a winningbidder. This

problem known as the winner’s curse.

Zero-sum game.A game whereby the sum of payoffs to all agents is zero for any

outcome.
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